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P R E F A C E  

That  the biological  world is  mult ivariate has been widely 
recognized.  The importance of  quantifying one 's  observations for  
analysis  and for  communication has also been recognized.  These facts ,  
plus widespread computer  avai labil i ty has led to the near exponential  
growth in recent  years in the applicat ions of  mult ivariate analyses in 
systernatics and other  areas of  biology.  Mult ivariate analyses are 
numerical  techniques used to study and describe the covariat ion 
between variables ,  individuals ,  or  both together.  In systernatics,  the 
variables are usually characters  measured on a se t  of  individuals .  
Tne g oals  are varied:  some possible purposes include data or  
dimension reduction,  searching for  s tructure,  test ing the f i t  of  one's  
data to a model ,  or  discriminat ing between populat ions.  The s t rength 
of  multivariate analysis  l ies  in the abil i ty i t  confers  on the user  to 
examine many varia tes simultaneously and quanti tat ively.  

Mult ivariate methods have not  yet  fulf i l led al l  expectations,  and 
wil l  not  without  further  development of  the s ta t is t ical  methodology.  
Demands by the pract i t ioners for  more relevant  methodology wil l  
encourage the s tat is t icians.  Also there is  much for  most  of  us to 
learn about  the potential  of  the methods already developed.  All  of  
the quest ions have not  been asked and a l l  informative s tructures and 
models  have not  yet  been explored.  

Our manual ,  and the American Society of  Mammalogists  workshop which 
i t  accompanied,  was c onceived in response to the growth and interest  
in this  methodology.  We t rust  that  this  ini t ial  effort  will  short ly 
be made o bsolete by more complete discussions reflect ing the results  
of  continued growth and explorat ion.  

Although the increase in use of  numerical  methods is  sometimes 
ci ted as evidence of  increasing object ivi ty in systernatics,  the use of  
measurements for  data ,  or  mathematical  models  for  hypotheses,  does not  
obviate a continuing need for  close observat ion of  the specimens 
themselves and c lear  thinking about  the biological  hypotheses being 
invest igated.  Numerical  methods are tools  only—powerful  tools ,  yes,  
but  only means to an end.  We have wri t ten this  manual  in the hope 
that  concentrat ion on how n umerical  methods can be used in systernatics 
wil l  help the system3tists  be demanding of  the methodology and search 
for  the numerical  methods to f i t  the biological  quest ions,  and never 
vice versa.  

We bel ieve that  numerical  methods,  even in their  present  s ta te of 
development,  have a great  potential  for  usefulness in systernatics.  
The rapid increase in the employment of  mult ivariate s tudies indicate 
that  others are of  this  opinion also.  As interact ion between 
systematists  and s tat is t ic ians increases,  we expect  even more useful  
design of  methods,  permit t ing c loser  tai loring to the biological  
s tructures and relat ionships we s tudy,  and f i t t ing more e xact ly the 
models  and hypotheses which systematists  wish to test .  

v 
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Just  as  drawing a specimen usually increases the amount one sees on 
i t ,  so defining and taking measurements can often be instruct ive 
because of  the t ime spent  thinking hard about  and closely looking at  
the specimens themselves 0  Unexpected relat ionships among values or  
individuals  should lead one back to the specimens for  a fresh look.  
In sum, numerical  methods are certainly not  an al ternat ive to looking 
at  the specimens themselves!  

This  manual  is  not  about  numerical  taxonomy. We ha ve discussed 
methods of  mult ivariate analyses with respect  to a diversi ty of  goals  
in systematics.  We h ave wri t ten from a fair ly strongly held 
philosophical  posit ion about  how s cientif ic  studies are most  
effect ively done,  but  not  with a narrow defini t ion of appropriate 
goals  or  topics of  s tudy.  Numerical  taxonomy, in our use of  the term, 
includes the philosophical  posi t ions well  discussed in Sneath and 
Sokal  [1973];  in contrast ,  we wished to survey methodology in a 
neutral  fashion,  divorced from a specif ic  choice of  goals .  Also,  
because of  our interest  in morphology,  we have emphasized ordination 
and descript ive techniques,  ra ther  than clustering techniques which 
are well  covered by s everal  books to date.  

One f inal  point  about  our approach may be made e xplic i t :  what  was 
included in this  survey,  and the nature of  the discussion,  was largely 
motivated by ini t ia l ly strong feel ings on the part  of  at  least  one of  
us about  how numerical  methods are most  wisely used in systematics.  
The research and wri t ing have not  substantia l ly changed the major 
tenets  of  our philosophy,  al though some specif ic  detai ls  of  bel ief  
have certainly changed.  However,  we have come to real ize that  this  
methodology is  in fact  complex,  and diff icul t  to present  and discuss 
from the orientat ion of biologists  or  systematists  rather  than 
s tat ist icians .  We a re not  at tempting to set  standards for  numerical  
s tudies in systematics.  We do urge anyone,  inexperienced or  
experienced,  to pract ice a heal thy scepticism towards the l i terature 
and the recommendations therein,  including this  text .  

v i  
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SYMBOLS USED IN THIS TEXT 

Capital letters usually refer to matrices, and the corresponding 
letter with subscripts usually refer to elements of that matrix. We 
have attempted to be consistent in our use of symbols within this 
text, have not used the same symbol for different entities within the 
same section of the'text, and have tried to continue the same symbol 
for the same or parallel meanings throughout the text. However, the 
symbols used for the various matrices and coefficients vary widely 
among texts and papers; there is no standard usage, with the 
exception of a very few widely used symbols adopted as extensions from 
the univariate case. 

A original data matrix, usually of order n x m (e.g. m variables 
measured for n OTUs) 

B mean-centered data matrix; b. . = a. . - a.. (see page 10 in 
INTRODUCTION for a further expianatidn of ihis notation). Also, 
the estimates of 's in multiple regression or Fourier analysis, 
or one of the two matrices of coefficients in canonical correlation 
analysis. 

ji vector of coefficients which are parameters in the regression model 
or the Fourier model 

C standardized data matrix; each element of B (mean-centered data) 
is divided by the standard deviation for the corresponding 
variable. Also, one of the two matrices coefficients in canonical 
correlation analysis. 

D n x n matrix of distances among OTUs 

2 D Mahalanobis distance squared 

E m x r matrix in which the columns correspond to r (r£m) 
eigenvectors or sets of loadings; E is an m x r matrix of r 
(r<m) retained eigenvectors in a canonical analysis 

F n x r matrix of factor scores, r£m 

G association matrix, comprising values of a similarity or distance 
measure among OTUs 

H association matrix which has been simultaneously mean-centered by 
variables and OTUs 

hij = gij - v - g°j + 

L square matrix with eigenvalues on the diagonals and zeros 
elsewhere; the variance-covariance matrix from the corresponding 
eigenvectors 

Q matrix of correlations among factors 

ix 
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R matrix of correlations among variables 

R2 multiple correlation coefficient squared, or coefficient of 
determination; canonical correlation coefficient squared 

S variance-covariance matrix among variables 

SA variance-covariance matrix among groups 
A 

pooled variance-covariance matrix within groups 

T specially row- and column-scaled matrix in correspondence analysis 

U diagonal matrix of uniquenesses in factor analysis 

V matrix of residuals or remaining variability, or "error" 

W matrix of scores on one set of the canonical variate axes 

X one of two groups of variables in partitioned data sets 

Y one of two groups of variables in partitioned data sets 

Z matrix of scores on the principal component axes, or on one set of 
the canonical variate axes in canonical correlation analyses 

b . estimated coefficients of the X variables in canonical 
J correlation analysis or multiple regression 

c . estimated coefficients of the Y variables in CCA 
J 

d. . Eucl idean or Pygathorean distance between individual or OTU i 
1Jand individual or OTU j 

i subscript indicating the row in which a subscripted element occurs 

j subscript indicating the column in which the subscripted element 

may be found 

k number of groups into which specimens or OTUs are partitioned 

1^ eigenvalue associated with the ith eigenvector 

m number of variables in the analysis; restricted to the number of X 

variables in an analysis partitioned by variables 

n number of specimens or OTUs in the analysis; subscripted by group 
number when restricted to the number of specimens in a group in an 

analysis partitioned by variables 

p number of variables in the Y set in an analysis partitioned by 
variables; also the probability associated with some event 

r number of components retained in a canonical analysis 

x 



I N T R O D U C T I O N  

This manual is a survey of multivariate methods of 

current or potential use in morphometric and systematic 

mammalogy. It is perhaps more easily characterized by 

stating what it is not: this manual is not a 

"cookbook"„ it is not a "how-to" manual. This review 

is intended to be neither a comprehensive literature 

review, nor a detailed mathematical explanation of 

methods. Rather, for each method, we aimed to provide 

reference to published discussions which we have found 

useful and comprehensible, and to briefly summarize 

pertinent information which appeared to us scattered or 

not readily accessible. We hope that, as use of 

multivariate analyses continues to increase, others 

will be encouraged to expand on this first attempt. We 

also hope that systematists will be continually more 

demanding of the methodology, its purveyors, and 

themselves as its practitioners. 

Methods have deliberately received unequal 

treatment; the amount of detail and discussion is 

proportional to the complexity of the method and to our 

judgment of the degree of present or potential 

usefulness to systematists. Since usefulness depends 

on both the appropriateness of the method and its 

availability, some newer or less extensively developed, 

or otherwise less available methods are not discussed. 

In each section, the discussion generally follows this 

outline: 

1. In general terms, what does the method do? 

2. The model: the structure of the method and how it 

treats the data. 
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3. Variations in the model. 

4. Terms and nomenclature (in summary form). 

5. Comparison with closely related methods (including 

some discussion of problems and limitations of the 

method). 

6. Applications—(with further discussion of problems 

and limitations of the method). 

7. Computational requirements—what a priori structure 

is imposed? (assumptions and structure necessary 

even if not hypothesis-testing). 

8. Statistical assumptions—what assumptions become 

necessary if statistical inferences are made; what 

statistical tests are available for this method? 

9. Biological assumptions—the biological implications 

of the assumptions made for computation or 

statistical inference; examples of the assumptions 

made by typical applications. 

10. Statistical packages and computer programs—notes 

on the method's availability and important options, 

in the major packages (some discussion of problems 

and limitations here as well). 

The section describing the methods is organized by 

the structure imposed on the data by the 

methods—partitioning of variables and number of 

groups. The following section contains a discussion of 

the various purposes for which one may employ 

multivariate analyses. This provides a more 

comprehensive survey complementing the section on 

applications within the discussion of each method. 

The annotated bibliography contains a list of 

important journals containing articles on biometrics, 

major books, and the literature cited in the text. The 

first appendix contains some suggestions for 

publication of the results of multivariate studies. 
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The second appendix surveys some computer packages, 

discussing briefly the major ones in use in systematics 

in the United States; this is a more general discussion 

complementing the specific notes under each method. 

Even with the manual in hand and its organization 

described, the question of how best to use it probably 

still remains. (We expect most readers to find the 

wide right margins useful for annotations—comments, 

further references, questions, argument, and so forth. 

The purpose of the unbound, 3-hole format is to allow 

further additions by interleaving sheets in a ring 

binder.) If readers are experienced in some or all of 

the methods mentioned here, they may find the 

discussions of biological assumptions most useful, the 

discussion of problems or limitations of each method a 

stimulus and perhaps a source of ideas or argument. 

Certainly there is no single "right" way to do many of 

the analyses described here; most methods have many 

variants. And some potentially useful approaches to 

examining one's data have probably been neglected. Our 

goal was to survey the most important or widely used 

methods, and to discuss some topics which seem to us 

very important and relevant to many uses of 

multivariate methods,, 

The reader with little previous knowledge may have 

one or more of several possible objectives; one may be 

questioning whether to learn about these usually 

difficult methods at all. If so, the discussion later 

in this introduction should prove relevant, as also 

should study of some of the fruitful applications cited 

under each method or listed in the bibliography. One 

may be trying to match a method to one's problem: in 

that case, the discussions of assumptions may warrant 

closest study. 
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Finally, the reader may already have decided to 

learn about one or many multivariate methods, and may 

find this manual useful as an introductory discussion 

and source of references. BEWARE: This manual will 

not read like a novel. Most readers will probably not 

feel that they understand a method even if they read 

each of our sentences about that method most carefully. 

As with any other new skill, most people gain an 

understanding only through extensive practice with the 

concepts and terminology, both from the literature and 

from personal experience with applications to more or 

less realistic problems. From our personal experience 

in learning about these methods, we feel that the 

following specific recommendations will be generally 

useful. Although they may sound obvious or perhaps 

discouraging, we feel that the overall effect will be a 

more realistic approach to multivariate analysis, with 

ultimately less discouragement. 

1) Read several discussions, in different 

references, of the method you are studying, and reread 

useful ones subsequently. Read for increasing detail 

and comprehension—don't expect to find everything or 

even very much clear the first time through. 

2) Use a large stack of scratch paper and play with 

the matrix algebra or with the geometric representation 

of the algebra or both. Write out term-by-term 

representations of matrix equations, or work through by 

hand a very small example, if you would like that much 

facility with a method. 

3) Try a medium-sized data set in a couple of 

packaged programs. (At this stage, don't expect 

publishable results! It is perhaps more useful for 

learning purposes to (re)analyze an already published 

data set.) Talk with someone—a fellow 'student' or a 

biometrician—about your results. 
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4) Decide for yourself how much you need to know 

about a method in order to use it in your research. 

The risk of mistakes or misdirected effort clearly 

decreases with increasing understanding (but neither, 

of course, can the risk ever be zero). Unfortunately, 

the literature does not provide an obvious "easy 

introductory package": in reading about a method, one 

can easily become bogged down in more statistical and 

mathematical detail, and more extensions and variations 

of the method„ than is efficient to learn about for a 

specific biological problem. 

Diverse opinions have been voiced about the level of 

expertise necessary to use any method responsibly. The 

problem appears to be that adequate review by 

colleagues of papers with complicated methodology is 

difficult and time-consuming, with the result that 

authors cannot depend on critical review prior to 

publication to catch areas of major confusion in 

terminology or methodology. The wide availability of 

"canned" computer programs, especially in the 

relatively easy to use statistical packages, is widely 

considered a danger to the quality of numerical 

research. Corruccini [1975b:14] quotes a series of 

warnings from biometricians about the hazards of the 

naive use of multivariate procedures, and goes so far 

as to suggest that eventually authors may have to be 

responsible for their own computation and programming. 

This seems to us an extreme position which would be 

wasteful of the time and effort required to duplicate 

(often inefficiently) previous programs. A sense of 

some of the potential hazards of the methodology, and 

the various points in the debate about a responsible 

use of these methods, can be obtained from Kowalski 

[1972], Corruccini [1975b], and references cited 

therein. 

5) Make use of consultants who complement your 
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areas of expertise. You may find it useful to work 

closely with a biometrician or statistician. Make the 

nature and details of your study clear to the person so 

that you can learn from them about the behavior of the 

methods you are using under conditions found or 

expected in biological data. For example, how powerful 

are your tests for your sample sizes? What are the 

assumptions being invoked by the application of the 

method you have chosen? Are one or more of the 

assumptions violated, and if so, can you "correct" the 

situation by transforming your data or choosing another 

type of test or procedure? Check with someone familiar 

with the statistical package or program you are using 

about the accuracy of the operations you are 

performing. The aim of much of the following 

discussion is to alert the systematist to hazards and 

potential problems encountered in using these methods, 

and to indicate some potential solutions to diagnosed 

problems. 

6) Users at all levels of expertise will find it 

extremely useful to have a couple of medium-sized data 

sets with which they are very familiar, for use as 

benchmarks or standards. When you use a statistical 

package new to you or a new program (even one you wrote 

yourself) testing it on some very familiar data will 

enable you to assess the behavior of the package or 

program. 

A final, editorial comment is required, about 

whether or not we consider multivariate methods to be 

(currently or potentially) widely useful in systematic 

mammalogy. This is mentioned because, in our 

discussions with fellow systematists, we have thought 

at times that we could detect a note of defensiveness 

in the voices of those who, while declining to use 
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numerical methods themselves, characterized those who 

did as either fanatics who wish everyone to use such 

methods, or mediocre systematists hiding behind a front 

of numbers. On the other hand, among the practitioners 

of numerical methods, the less experienced seem 

frequently to expect many more definite answers than 

the methods can provide (and may sound evangelist while 

voicing these expectations). And the very experienced 

often seem to become entranced with the details and 

mechanics of the methods, and to relegate the 

biological sources of data, the very questions 

themselves, to second place. We hope we have avoided 

most extremes. Although this manual is certainly 

focussing on numerical methodology, we have tried to 

discuss applications for each method, and some 

biological representations of various assumptions and 

interpretations. Clearly no such discussion can be 

definitive; rather our goal was to provide examples of 

such an analysis of assumptions in the expectation that 

it will be rapidly expanded and improved upon. 

There is still the larger question whether numerical 

methods are useful or not. "Should _I use them?" Dare 

we answer—if it feels good, do it? Outdated, perhaps, 

by nearly two decades, it still may not be a bad idea 

in some cases. The primary value of numerical methods 

is exploratory, heuristic, or communicatory. That is, 

these analyses are a possible way of learning about 

your data, seaching for relationships, and summarizing 

or describing the information in your data to others. 

The role of hypothesis-testing is actually smaller, and 

will probably remain so as long as the assumptions 

required for statistical inference are so often so 

unrealistic for biological data. An approach 

intermediate between the usual statistical inference 

and the purely exploratory use may prove increasingly 

useful. This is confirmatory analysis, in which one 

tests the fit of the data to a model structured 
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specifically for the particular biological problem 

being studied. Since the exploratory or heuristic uses 

are rather personal, currently the answer to the 

question "Should I use numerical methods?" is the 

answer to "Do you find the method(s) useful for you?" 

There is a certain amount of positive feedback in this, 

however, since multivariate methods usually become more 

useful as the user's skill, sophistication and interest 

increases. 

We certainly are not recommending universal or even 

necessarily widespread application of multivariate 

analyses in systematic studies [see Kowalski, 1972, for 

one discussion of the general usefulness of 

multivariate analysis]. While the frequency of use is 

certainly increasing at present, the results may still 

not justify the effort for some to learn enough such 

that they feel comfortable using the methods. One 

accomodation may be to work closely with someone who 

does enjoy the numerical part. 
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A working knowledge of only a restricted part of 

matrix algebra is necessary to follow the vast majority 

of discussions of multivariate methods. Fortunately, 

most matrix algebra is relatively simple to understand; 

the necessary matrix algebra is little more than 

ordinary algebra done repeatedly in shorthand (but 

capable of representing some very useful geometric 

manipulations). The only major difficulty is that it 

requires some practice and use before one is really at 

home with it. A reasonable level of understanding can 

be gained by working through the introductory chapters 

of some multivariate analysis texts; the first seven 

chapters of Van de Geer [1971] are especially clear. A 

more thorough introduction (and one useful for gaining 

a feel for the geometric representation of various 

operations) is provided by Green and Carroll [1976]. 

Other introductions may be found in JBreskog, Klovan, 

and Reyment [1976: Chapter 2] and Davis [1973: Chapter 

4], there are also a large number of introductory 

linear algebra texts (check used college texts) which 

are not particularly orientated to multivariate 

analysis, but which go through the fundamentals of 

matrix algebra with the speed and thoroughness of an 

undergraduate math course. 

For the discussions in this manual, some conventions 

and a few basic concepts are needed to understand even 

the interpretive discussions: 

The original data matrix, the array of measurements 

for several variables taken from a sample of 

individuals or specimens, is always oriented so that 

the rows correspond to individuals, specimens, or taxa, 

i.e. Operational Taxonomic Units (OTUs) [Sneath and 

Sokal, 1973:69], and the columns to variables or 

characters. The number of rows will be the sample 
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size, n, and the number of columns will be the number 
of variables, m. Matrices of eigenvectors and matrices 
of factor loadings will be arranged such that each 
column is an eigenvector, or a vector of factor 
loadings® The m rows correspond to the m or iginal 
variables, and the r (Km) columns correspond to the 
r eigenvectors or sets of coefficients® A c apital 
letter alone refers to the entire matrix: e.g. A f or 
the original data, E for the eigenvectors. Lower case 
letters refer to an element or subset of elements from 
a matrix, referenced by subscripts: 

A = the n x ra o riginal data matrix 
aij = element of A in the ith row and jth column; 

the measurement of the jth character on the ith 
specimen 

a^. = mean of the ith row; mean of all 
measurements for an individual 

a.^ = mean of the jth column; mean of all values 
for a character, 

a.. = grand mean; mean of all a^j's 
A' = transpose of A; the rows and columns are 

exchanged, producing an m x n matrix; 
necessary for some matrix operations. 

E = m x r matrix of eigenvectors. Km 
e,, = loading of the ith character on the jth 

^  J  
component or factor 

ei = the jth column of E; a column vector which 
is the jth eigenvector 

e'i = the ith row of E; a row vector comprising all 
the loadings for variable i. 

(A table of symbols is given following the Table of 
Contents and a table of abbreviations.) 

Multivariate methods are frequently discussed in 
terms of geometric transformations. The original data 
can be considered a cloud of n points in an 
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m-dimensional character space, in which each axis 

represents a character. The coordinates of a point's 

(individual's) position in this space are its values 

for each character. Clusters of points would then 

represent groups of similar specimens. 

The same data matrix may also be thought of as a 

cloud of m points, now representing characters, in an 

n-dimensional specimen space. In this case each axis 

is representing an individual, and the coordinates of 

each point (each character) are that character's values 

for the specimens. (Many people find it more difficult 

to conceive of this space; it is generally used less in 

morphometries than in numerical taxonomy.) One useful 

feature of this space is that clusters of character 

vectors (where a vector is a line segment connecting 

each point with the origin) represent highly correlated 

characters, or character complexes. 

The initial data matrix is frequently mean-centered 

by variables. Algebraically this means that each value 

in the data matrix is replaced by its deviation from 

the mean over all specimens or observations for that 

variable; bij=aij-a.j Geometrically, this is 

equivalent to moving the cloud of points in 

character-space so that the mean for each variable is 

at the origin. 

A few other terms, which are used repeatedly, are 

most easily thought of geometrically. The projection 

of a point onto an axis (or other line) is the 

intersection of the axis and a line from the point 

perpendicular to the axis. The projection of a vector 

onto a line is another vector ending in the the 

projection of the point representing the tip of the 

original vector. The projection of a point onto a 

plane is, again, the intersection of the line, which 

both contains the point and is perpendicular to the 
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plane, with the plane. This concept is generalizable 

to any dimension* Two vectors, lines, or axes are said 

to be orthogonal when the projection of one on the 

other has zero length, i.e. they are mutually 

perpendicular* Two variables are orthogonal if they 

are uncorrelatsd. 

The centroid of a cloud of points is that point 

whose coordinates are the means of the variables for 

that cloud* In 2- or 3-dimensional space, the centroid 

is the center of gravity of the cloud of points* 

The order of a matrix refers to the size of the 

matrix in terms of the number of rows and columns. 

However, some of the information represented by the 

elements of the matrix may be redundant. There is a 

somewhat technical shorthand in matrix algebra for 

dealing with the questions "how many variables do we 

really have?" or "what is the dimensionality of my 

data?"* The rank of a data matrix (or in fact any 

matrix) is the number of linearly independent axes 

required to define completely the coordinates of the 

cloud of points representing the OTUs. Rank is simple 

to determine by a number of matrix operations 

(available in most statistical packages). For example, 

the rank of a data matrix is reflected in the number of 

eigenvectors and eigenvalues which can be extracted 

extracted (see "Principal Components Analysis" in 

METHODS): the number of eigenvalues greater than zero 

(when there are no negative eigenvalues) gives the rank 

of the variance-covariance matrix and hence of the data 

matrix. The rank of a data matrix is always less than 

or equal to the number of rows or columns, whichever is 

smaller. Usually one measures more OTUs than 

variables; the rank in such cases would be less than or 

equal to the number of variables. If the rank is less 

than the total number of variables, then the 

determinant (a measure of "volume") of the 
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variance-covariance or correlation matrix (among 

variables) will be zero, since the group of vectors 

(from the origin to each data point) will fit in a 

space of lower dimensionality than that defined by all 

the variables. Negative determinants do not arise for 

most multivariate computations as long as there are no 

missing data. 

Mean-centering may have an effect on the rank of a 

matrix. If there are as many as or fewer specimens 

than variables (n_<m), and thus the rank is equal to 

n, mean-centering over variables will reduce the rank 

by one. (A simple case would be three points in 

3-space which lie on a plane not passing through the 

origin. The rank is three since three dimensions are 

needed to contain the points and the origin. After 

mean-centering, however, the origin will lie on the 

plane containing the three points, and the points plus 

the origin can be contained in a 2-dimensional 

space—that plane.) 

Matrices of less than full rank result if variables 

which are invariant (i.e. all GTUs have the same value 

for the "variable") are inadvertantly left in the data 

matrix, or if some of the variables are redundant. 

Redundant variables are those which can be expressed as 

linear combinations of other variables: for example, 

if variables are expressed as percentages, such as 

allele frequencies in genetic polymorphisms, and the 

percentages of the alleles recorded for each OTU add up 

to 100%, then there will be redundancy in this data 

matrix. Other redundancies are less obvious—i.e. 

characters which are linear functions of other 

characters, but not obviously so. For example, a 

complex of characters may be simply linear combinations 

of a smaller set of characters. If the redundant 

variables can be identified, then their removal would 

result in a matrix of full rank, i.e. of rank equal to 
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the total number of remaining variables. 

There are several practical aspects of rank. Even 

though redundant variables may be measured, they may be 

measured with error. Additional variability due to 

error, no matter how small, can give rise to additional 

small eigenvalues greater than zero, which give the 

impression of greater rank. One should keep this in 

mind when trying to determine the "rank" of one's data 

(see section on "Dimension Reduction" in PURPOSES). 

Outliers will also tend to inflate rank if they are in 

dimensions not represented by the mass of the data. 

Methods for outlier detection (see PURPOSES) will help 

to find these observations. Van Valen [1974; 19783 has 

discussed "dimensionality of variation" in a biological 

context. He has attempted to define dimensionality as 

a non-integer measure based on the multiple correlation 

of each variable with all of the others. His measure 

reduces to the average communality in some forms of 

factor analysis. It seems to us that a factor analytic 

approach (not mentioned by Van Valen [19733) might be 

more useful. 



15 
DESIGN OF STUDY 

Assumptions: 

One of our primary concerns in this text was to 

discuss the assumptions associated with some of the 

numerical methods used in systematic problems. 

Assumptions are conditions which are taken as axiomatic 

within the narrowly defined bounds of one's analysis; 

they are not themselves tested by the analysis. If one 

were dubious about the truth of a condition assumed in 

an analysis, one could generally construct another 

analysis designed to test that condition, which would 

then be treated as a hypothesis in that new analysis. 

One does not necessarily believe in the assumptions 

made in an analysis, since one can do analyses with a 

more exploratory intent: what results emerge given 

certain assumptions? However, acceptance of specific 

results as valid (e.g. that the probability found of 

achieving that value of a test statistic by chance 

alone is the true probability) will necessarily imply 

certain beliefs about the conditions taken as 

assumptions. 

Several assumptions are frequently made in 

multivariate statistics, especially in 

hypothesis-testing: multivariate normality, equal 

variance-covariance matrices of groups, and 

independence of error terms or residuals, are three 

common ones. Other assumptions are more specific to 

certain types of analyses—for example, the assumption 

in most discriminant analyses that the initial 

observations have been correctly classified into known 

a priori groups. Finally, the application of any 

method to a biological problem requires certain 

assumptions about the structure of the problem and the 

nature of the evidence. The interpretation of the 

results will similarly invoke assumptions; all of these 

latter assumptions are much more specific to the nature 
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of the biological questions being asked. 

One way to think of the structure of a study, and 

the division between assumptions and hypotheses, is to 

consider the number of "equations" and the number of 

"unknowns'T. Frequently studies or steps in studies 

seem to be basically one "equation," which restricts 

the number of "variables" or "unknowns" which can be 

solved for to one. Let us take a very simplified 

example of hybrid identification: in Case 1, one has 

some mice which have some of the characters of two 

distinct species of mice, and are clearly not 

referrable to any single, known species. Perhaps they 

are hybrids between the two species they resemble. To 

check whether these putative hybrid mice are really 

hybrids or not, then one must decide a priori criteria 

by which such hybrids can be identified as such and 

apply those criteria to the mice in question. If they 

fit the criteria, they are hybrids, and if they don't, 

they aren't; our unknown is the answer to the question 

"are those mice hybrids?" and the criteria by which 

hybrid mice are recognized as such are not tested, but 

rather are known or assumed in this study. 

Now, Case 2 would be if one wished to question the 

accuracy or usefulness of the criteria for identifying 

hybrid mice; one could not do so with the putative 

hybrids analyzed in the first study. To try would 

introduce two "unknowns" into our one equation: if a 

mouse were identified as not a hybrid then one would 

not know if this were true or false, since one would 

not know if the criteria, now also being evaluated, 

were holding or not. To evaluate the critera, one 

would have to have mice which one knew, or were willing 

to assume for this study, were hybrids. Then if, say, 

20 out of 100 hybrid mice were identified as not 

hybrids, one could make some statement about the 

reliability of those criteria for identifying hybrid 
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mice. 

Another way to state this important point is that, 

since one cannot evaluate more "unknowns" than the 

number of "equations" permit, one cannot use the 

outcome of an analysis to evaluate the validity of an 

assumption. The rejection of 20 mice of hybrids in 

Case 2 is not evidence that our assumption that all 100 

mice were hybrids was wrong; to reject that assumption 

we would have to know (i.e. assume) that our criteria 

were right without fail, and that would put us back 

into the framework of Case 1. Similarly, if all 100 of 

the mice we assumed were hybrids in Case 2 were indeed 

identified as hybrids by some set of criteria we were 

evaluating, we would not be justified in asserting that 

such identification supported our assumption that the 

mice were hybrids. It might be that we were wrong in 

our assumption, and none of them were in fact hybrids, 

but that our criteria were so broad that they were all 

identified as hybrids anyway; we could not tell that 

this was so from our single analysis. This possibility 

illustrates the close dependence of the accuracy of the 

results (here the efficacy of our criteria) and the 

truth of the assumptions (that those 100 mice were 

really hybrids). 

This discussion may seem too basic to need stating. 

It is certainly of wider relevance than merely to 

numerical studies. And biological studies are, of 

course, usually more complicated than this simple 

example. One generally asks a series of questions, 

including questions based on the outcome of initial 

steps in the study, and sometimes questions about the 

validity of the conditions taken as assumptions in 

earlier steps. The structure of each step may be more 

complicated, in that several unknowns may be estimated 

if one has a sufficient number of known (or assumed) 

parameters and relationships. The structure of most 
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studies will correspondingly be much more difficult to 

determine. 

We are of the opinion that such analysis of 

"unknowns" and assumptions is very necessary, for 

several reasons,. Most importantly, the thought 

required to recognize and state assumptions is an 

excellent way to sort out a problem and evaluate one's 

evidence. This heuristic value is a major reason to 

discuss assumptions and other parts of the structure of 

one's study. Also, no matter how obvious some 

assumptions may seem, it is useful to state assumptions 

explicitly. This benefits the reader who may not have 

considered the problem as thoroughly as the author. 

Such discussion also will dispel the connotation that 

assumptions are to be avoided. They are useful and 

indeed necessary in any study, merely because we cannot 

study everything at once. 

Finally, consideration of assumptions will make 

clear the dependency of the results on the assumptions. 

Some methods may be very robust to violations of some 

assumptions, which means that the results will 

frequently be right even if the assumptions do not hold 

for the data set being analyzed. Other assumptions may 

be quite critical, so that one would distrust all 

results obtained if the assumptions were shown to be 

invalid for the data. Practical decisions will thus be 

affected by an evaluation of the assumptions. 

If the assumptions and structure of a study can be 

stated very explicitly, then they can often be used to 

formulate a model for a specific analysis. The fit of 

one's data to the stated model can be used to test how 

well one's model describes the phenomenon being 

studied. Such an approach is called confirmatory 

analysis, and is in varying stages of development for 

different methods and different problems. It has not 



-Assumptions- 19 

been widely applied in systematics, but has been useful 

in other fields [for example, in the social sciences: 

see Timm, 1975, and Mulaik, 19723o 

Because of this importance which we attach to the 

structure of a study, we have included, in the 

discussion of each method, separate sections on 

assumptions, "Computational requirements" are those 

features required in a data set for the method to be 

applicable—e.g. two or more a priori groups in 

discriminant analysis. These are conditions which are 

necessary in order for the method to be used on a data 

set at all. "Statistical assumptions" are those 

required for statistical inference; this section 

includes discussions of the sort of statistical tests 

associated with each multivariate method. These 

assumptions are only made when statistical inferences 

are made, and will not be required in initial stages of 

exploratory studies. Generalizing from one's sample 

values (e.g. the values of the principal component 

coefficients for one's sample) to the population 

parameters (e.g. the principal component coefficients 

for the entire population from which one's sample was 

taken) will generally require at least some of the 

assumptions discussed under "statistical assumptions". 

The^third section, "Biological assumptions", is the 

most difficult, most amorphous, and most important. 

Here we attempt to cite examples of some biological 

implications of the use of that method, some biological 

translations of the computational requirements and the 

statistical assumptions, and perhaps some common 

assumptions invoked during interpretation of the 

results from a typical application. This section will 

necessarily be much less complete than the others, 

since biological assumptions are largely specific to 

individual studies. What we discuss will perhaps serve 

as an example and stimulus; our own experience suggests 
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that consideration and presentation of the biological 

assumptions is interesting and rewarding even though 

difficult. 

Here in the Introduction, we have included a brief 

discussion of several widely employed statistical 

assumptions and related topics. The assumption that 

sampling is random is universally made (section 1). 

Two of the most commonly invoked statistical 

assumptions in multivariate analyses are the assumption 

of a multivariate normal distribution of the data being 

analyzed and, if more than one group are analyzed, 

equal covariance structures among the populations 

sampled. These are discussed in more detail below 

(sections 2 and 5)o If these assumptions are violated, 

then the estimates of parameters obtained in the 

analyses may be invalid. (For example, the true 

distance between two population centroids may be very 

different from the estimate based on our sample in a 

discriminant analysis if there is heterogeneity among 

variance-covariance matrices.) The other possible 

effect of a violation of the assumptions is that the 

computed probability of achieving the observed value of 

a test statistic may be incorrect. 

These two potential problems and some possible 

solutions are discussed in more detail in the following 

sections, in the following steps: The Central Limit 

Theorem is frequently invoked to argue that linear 

combinations of even non-normal variables are more 

normally distributed (section 3). Raw data which are 

clearly non-normal can sometimes be transformed to make 

its distribution more nearly normal (section 4). If 

the assumption of normality is still violated, or if 

homogeneity of variances clearly is invalid, then one 

considers the robustness of the estimators or tests to 

violations of the assumptions (section 6), Estimators 

which are not robust may be replaced by estimators 
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which do give more valid results; these may be computed 

in various ways, including so-called jackknife 

techniques (section 7). Tests which are not robust to 

violations of the assumptions may be replaced by 

randomization tests (section 3). 

1) Independence and random sampling: 

All statistical tests depend on the fundamental 

assumption of random sampling from the populations of 

interest in a study. This means, for a sample of 

individuals, that every individual in the population 

has the same chance of being in the sample as any 

other, and that the individuals are sampled 

independently [Snedecor and Cochran, 1967:10], 

Independence means that the probability of any 

individual being sampled does not depend on the 

probability of any other individual being sampled. An 

important feature of random sampling is that the 

researcher has no control over which units appear in 

the sample. Inferential procedures based on 

probability can not be used for samples comprising 

individuals specifically selected as "typical" members 

of the population. In finite, well defined 

populations, it is possible to achieve random samples 

by enumeration of all of the members, and then using a 

table of random numbers or other randomization 

procedure to draw the sample. In studies of biological 

populations, in which the population of interest is 

hard to define, let alone enumerate, and the sampling 

procedure (e.g. trapping) may affect the probability of 

an individual being included in the sample, random 

sampling is seldom if ever possible. 

In practice, exceptions to random sampling will not 

invalidate the results if the sampling behaves more or 

less randomly with respect to the test which will be 



22 NEFF and MARCUS, 1930 

employed. Also, the generally large amount of 

variation in nature helps the biologist achieve 

apparently random sampling more often. However, the 

validity of this point for any specific example can 

only be checked by a special investigation [see 

discussion in Snedecor and Cochran, 1967:12], As a 

general practice, the investigator should specifically 

guard against introducing systematic bias into the 

sample. (A simple example would be using one kind of 

trap in one locality and another kind at a second 

locality in a study of interlocality differences in 

some sort of mammal.) 

An important point is that the inference can only be 

made about the population sampled (e.g. trappable 

individuals, if the sampling were by trapping); the 

extension of estimates or inferences to the members of 

the population not available must be on the basis of 

information external to the statistics used. 

Replication of studies or additional sampling allows us 

to extend our inferences. 

2) Multivariate normality: 

Although many measurements do seem to have a normal 

distribution, there are clearly exceptions to normality 

in biological data. In addition to binary and other 

discrete data, there are also situations involving 

polymorphisms, in which the values for one or more 

characters will be multimodal or otherwise non-normal. 

In practise, discrete characters with a substantial 

number of classes, will frequently approximate a normal 

distribution well enough to avoid invalid results in 

spite of the violation of the assumption. The 

assumption of multivariate normality is more than 

merely an assumption that each variable is itself 

normally distributed; it also must be true that the 
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projections of the data points on any line in the space 

are normally distributed [Morrison, 1976:90]. 

Almost all of the tests of hypotheses used in 

multivariate data analysis are generated from 

assumptions of multivariate normality; there is a 

paucity of alternative models for data which are not 

multivariate normal. Non-parametric multivariate 

analytic methods have been proposed but they have not 

yet found practical use for summarizing bodies of data 

[Gnanadesikan, 1977:137; Puri and Sen, 1971 is a book 

on non-parametric multivariate statistics for example]. 

The origin of tests in a multivariate normal 

framework would seem to imply that if one's data do not 

follow a multivariate normal distribution, then the 

results of tests or analyses based on these techniques 

are not valid. However, some of the tests are robust 

to normality assumptions (see discussion of robustness 

below and under specific methods); in other cases the 

data may be transformed to follow, at least more 

nearly, a normal distribution. We therefore need tests 

for multivariate normality. Gnanadesikan 

[1977:162-195] has an excellent discussion of this 

topic together with examples and an extensive 

bibliography. We will only attempt to mention a few of 

the relevant points. 

Since a multivariate normal distribution has the 

property that all of the individual variables must be 

normally distributed, as well as all linear 

combinations of the variables, then univariate tests 

can be applied to the variables one at a time or to any 

linear combination. These are discussed in 

Gnanadesikan [1977:162-163] and include the ordinary 

gooodness-of-fit chi-square, the Kolmogorov-Smirnov 

test [Sokal and Rohlf, 1969:571-575], measures of skew 

and kurtosis, and gap tests. A general approach to 
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f inding transformations which give closer  
approximations to normality also leads to tests  for  
normali ty.  Various plot t ing techniques for  exposing 
non-normali ty are also discussed in Gnanadesikan.  
Another consequence of  mult ivariate normali ty is  that  
the regression of any variable on any subset  of  the 
others is  l inear,  so that  looking for  l ineari ty 
graphical ly,  or  test ing for  l inear i ty also serves as  a 
test  for  mult ivariate normali ty [Cox and Small ,  1978].  
Also note that  transformations which yield symmetrical  
d istr ibutions will  sa t isfy at  least  one aspect  of  
normali ty.  

All  of  the univariate tests ,  or  the tests  on 
regressions or  on l inear  combinations of  the data ,  wil l  
not  guarantee multivariate normali ty;  a l l  these tests  
are on direct ions sampled from the mult ivariate space 
and the data may s t i l l  be non-normal in a direct ion not  
sampled.  However,  i f  any one of  these tests  indicates 
non-normali ty the distr ibution is  non-normal.  Many o f  
the mult ivariate procedures in Gnanadesikan 
[1977:168-1771 are extensions of  the univariate 
procedures.  Some of  the mult ivaria te tests  are large 
sample tes ts ,  t ime consuming to compute,  and 
approximate a t  best  [Reyment,  1971].  In many 
s i tuat ions tests  of  these types wil l  serve to expose 
the nature of  the underlying distr ibution of the data;  
t ransformations to normality of  the variables 
separate ly or  t ransformation of  various project ions may 
be one way to achieve mult ivariate normali ty (sect ion 
4)  [op.  ci t . ;  Dunn,  in  press] .  Mult ivariate tests  for  
normali ty are also derived from procedures for  f inding 
such transformations.  

3)  Central  Limit  Theorem: 

As sam ple s ize increases,  a  l inear  combination of  
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measurements drawn from a statistical population of any 

distribution with finite variance will approach a 

normal distribution; this statement is a paraphrase of 

the Central Limit Theorem [Morrison, 1976:8-93o For 

example, means of measurements from repeated random 

samples of 30 or more individuals will be close to 

normally distributed, even though the distribution of 

the measurements themselves is not normal; the normal 

distribution of the sample statistic will then permit 

reasonably correct probabilities to be obtained. In 

statistical analysis of data which are univariate, the 

Central Limit Theorem allows us to use the tabled 

normal distribution to find cutoffs which correspond to 

chosen significance levels for tests of hypotheses and 

confidence intervals, even for data which are decidedly 

not itself normally distributed. Sample sizes of 30 or 
more are usually sufficient for sample statistics like 

means to give us reasonably accurate probabilities. 

(One of us has found through extensive simulation that 

the distributions are very close to normal for sample 

sizes on the order of 30 or more.) The actual accuracy 

depends on the parameters of the true distribution of 

the data [see Pearson and Please, 1975, for an 
extensive and useful guide]. For example, tests based 

on the binomial distribution for frequencies near 0.5 
give accurate results for sample sizes less than 30,  
although if the true proportion is near 0 or 1 larg er 

samples are required. Thus, for univariate statistics 

the central limit theorem renders procedures based on 

the normal distribution widely applicable for 

statistical inference based on moderate to large sample 

sizes. 

There are also multivariate versions of the central 

limit theorem which give generalizations for the 

univariate result [Rao, 1955:103]. These are sometimes 

invoked as rationalizations for use of normal theory in 

multivariate statistics. Morrison [1976:85] states 
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"that with the exception of rather pathological cases, 

the multivariate central-limit theorem would guarantee 

that the large-sample distributions of test statistics 

would lead us to similar conclusions about the state of 

nature" as would be obtained from the development of 

different sampling distributions for each different 

probability model for the multivariate data. However 

we are left with the question of how large is "large". 

Thus, the central limit theorem indicates that the 

means of principal component scores, taken from 

repeated random samplings number of some large number 

of OTUs from a statistical population, will be normally 

distributed, even though the measurements for the OTUs 

are not themselves multivariate normal. The univariate 

central limit theorem does allow us to test hypotheses 

on means (estimated from large sample of OTUs) of such 

multivariately derived scores. 

More difficult to deal with is the invocation of the 

central limit theorem to suggest that principal 

component scores themselves, or discriminant function 

scores are normally distributed when the original 

variables are correlated and decidedly non-normal (e.g. 

discrete data). This appears to be part of the "lore" 

of multivariate statistics and we have found it 

difficult to track down such claims, or to find the 

theoretical underpinning for such statements. We also 

have observed that principal component scores or 

discriminant scores do appear more "normal" than some 

of the parent variables (obviously true when one or 

more of the variables is a 0/1 variable). 

Consideration of the implications of correlated 

variables seems to be a useful approach to 

understanding the problem. Attempting to infer the 

expected distribution of principal component scores, 

for example, from the central limit theorem means that 

the set of measurements for one individual now 
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corresponds to the "sample" (analogous to the set of 

measurements from the 30 individuals in the univariate 

example above), and the score for that individual is 

the linear combination, analogous to the mean in the 

univariate case. If the variables are correlated, the 

measurements on an individual will not constitute a 

random sample of independent observations. Thus the 

central limit theorem as usually formulated appears to 

be inapplicable. Debate about the distribution of 

scores computed from increasing numbers of variables 

continues, however; the behavior of such scores has not 

been demonstrated, and thus a problem remains. 

4) Transformations: 

One way of dealing with the requirements of 

multivariate normality assumptions when the data are 

known or suspected not to be normally distributed is to 

transform the data to make them more nearly normal. 

There is a natural resistance to such transformations 

as their use seems to make the results of an analysis 

less interpretable to the research worker. This can be 

a difficulty. What do statistics and tests based on 

the logarithms of skull length mean? What does the 

arcsine transformation of allele proportions mean in a 

geographic study? The statistician has got to be 

kidding! On the other hand, research workers don't bat 

an eye at pH (which is the negative logarithm of the 

hydrogen ion concentration). Logarithms of linear 

measurements frequently do cause the standard 

deviations of such measurements to be similar across 

very differently sized forms, and are also useful for 

expressing the allometric relation between characters 

for studies of shape-related size changes within 

populations. Maybe a logarithmic scale is a "natural" 

scale after all? 
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Many of the transformations available for univariate 

distributions have the property that they make the data 

more normal (at least more symmetrical) and 

simultaneously, as in the log transformation of linear 

measurements, make the variance more homogeneous over 

samples. Univariate transformations may be applied to 

each variable with the result that each of their 

distributions becomes more normal, but they are not 

sufficient to guarantee multivariate normality. This 

procedure "seems a harmless pastime at worst" [Dunn, in 

press], [See Sokal and Rohlf, 1959:330-387, for 

examples of univariate transformations for data known 

not to be normal; Dunn, in press, for an up-to-date 

review of the topic; Gnanadesikan, 1977:137-150 also 

gives a summary with examples.] Dunn [ibid.] and 

Gnanadesikan [ibid.] give general transformations for 

multivariate data to achieve multivariate normality. 

These methods are more complicated and are not 

available in the statistical packages, but must be 

programmed separately or within the packages. The 

usual univariate transformations can easily be applied 

in these packages. 

5) Homogeneity of variability: 

The statistical tests in discriminant analysis 

require the assumption of homogeneity of 

variance-covariance matrices among the groups, as well 

as the assumption of multivariate normality within each 

group. The tests are in fact more sensitive to 

heterogeneity of variability than to violation of the 

normality assumption. Van Valen [1978] has recently 

summarized tests for homogeneity of variance for 

univariate and multivariate populations. The latter 

involve generalizations of univariate tests. He also 

discusses multivariate generalizations of the 

coefficient of variation and comparisons of this 
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measure among populations. Van Valen says never to use 

the F-test to test equality of variances. While this 

admonition is a bit strong, it is true that the test is 

valid and optimal only if the populations are normally 

distributed. The 2-sample F-test and its k-sample 

extension for homogeneity of variance (and its 

multivariate analogue for homogeneity of 

variance-covariance matrices), depend on the normality 

assumptions, and are not robust to violation of this 

assumption [Pearson and Please, 1975 for a univariate 

study]o Thus the hypothesis of homogeneity of variance 

may be incorrectly rejected because of non-normality. 

Van Valen's warning is partly motivated from 

observation that samples are frequently too small to 

test adequately for normality, and therefore not to 

test for equality of variance is better than to employ 

a test which gives an unreliable answer. He does offer 

several alternative, more robust tests, including a 

jackknife procedure. (See the discussions under 

"Discriminant Analysis" for the effects of this 

assumption on tests.) Although one may wish to 

transform one's data to correct for heterogeneity of 

variance-covariance matrices in order to satisfy 

assumptions for certain tests, the heterogeneity itself 

is of biological interest. What does the difference in 

covariance structure or character correlations tell us 

about the several biological populations under study? 

It is possible that difference in covariance structure 

may be a better discriminator between populations than 

a difference in means [Corruccini, 1975b:4-6], 

6) Robustness of estimators and tests: 

The idea of robustness has been used in two 

difference senses: 1) for robust tests, and 2) for 

robust estimates. Robust tests are those for which the 

probability obtained is approximately correct even 
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though assumptions used to derive the test  do not  hold 
for  the part icular  data set  being s tudied.  For 
example,  both univariate t - tests  and the analysis  of  
variance are robust  to violat ions of  the assumption of  
normali ty.  On the other  hand,  the analysis  of  variance 
is  sensi t ive to (not  robust  to)  violat ions of  the 
assumption of  equali ty of  variances,  especial ly for  
unequal  sample sizes among groups [Scheffe,  
1959:351-353,  see especial ly Table 10.4.1;  see I to,  
1969,  for  mult ivariate extensions] .  

The robustness of  s tat ist ical  tests  may b e 
invest igated theoret ical ly,  or  by Monte Carlo 
(sometimes cal led simulat ion) s tudies.  In the la t ter ,  
non-normal or  heterogeneous populat ions are defined and 
then random samples are drawn. The random sampling is  
repeated usually a large number of  t imes,  and the 
robustness is  measured in terms of  the difference 
between the chosen s ignif icance level  and the actual  
probabil i ty level  obtained.  Since there are infini te  
ways to  violate assumptions ,  i t  takes cleverly designed 
Monte Carlo s tudies to explore viola t ions of  interest  
for  potential  users .  I t  is  also sometimes diff icul t  to 
make a  general  s ta tement as  the robustness may depend 
on the nature of  the violat ion as pointed out  above for  
the analysis  of  variance.  A use ful  example of  such a 
s tudy is  that  of  Pearson and Please [1975] for  
univariate t- tests  for  one and two s amples and tests  
for  variance and the F-test  for  the comparison of  two 
variances.  The robustness of  some multivariate 
procedures has been invest igated and is  discussed under 
the appropriate methods sect ion.  I t  is  more d ifficult  
to draw general  conclusions for  mult ivariate robustness 
than for  univariate robustness,  as  there are more ways 
the assumptions can be violated.  Monte Carlo s tudies 
are scat tered in the l i terature of many discipl ines so 
that  i t  is  diff icul t  to pull  together a l l  of  the latest  
conclusions and lore.  Kim and Mueller  [1978b:78] ci te  
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factor analysis simulation studies. Everitt [19793 

reports results from Monte Carlo studies of the 
2 

robustness of Hotelling's T test. 

The second form of robustness refers to estimates of 

parameters. Robust estimators are insensitive to the 

effect of extreme observations or outliers. For 

example, statistics such as the sample median and 

interquartile range are robust relative to the mean and 

standard deviation as estimates for location and 

variability. In general, robust estimation procedures 

give smaller weights (or in the examples given above no 

weight) to observations which are extreme in some 

sense. Estimators which leave out some of the largest 

and smallest values are called "trimmed" estimators 

[Dixon-BMDP:150-151; Dixon and Massey, 1969:3313. For 

example a trimmed mean might be computed from the data 

leaving out the 15% of the smallest values and 15% of 

the largest values. Other methods for robust 

estimation are discussed in Dixon and Massey 

[1969:330-3323, the BMDP manual [Dixon, 1977:150-151], 

and Mosteller and Tukey [1977:Chapter 103. Jackknife 

estimators (section 7) are said to be robust when 

compared to standard estimators. Robustness for 

estimators is more tractable to theoretical 

investigation than robustness for tests, and is a 

currently active area of statistical research. 

However, the results of this research are only just 

recently becoming available to the users in terms of 

easily implemented procedures. A use of robust 

estimates in discriminant analysis is given by Harner 

[in press]. 

7) The validity of estimates and jackknife estimators: 

The majority of estimates and their associated 

confidence intervals available in multivariate analyses 



32 NEFF and MARCUS, 1930 

are dependent on normality in single group studies, and 

additionally in multigroup studies, homogeneity of 

variance-covariance matrices among the groups. If the 

assumptions are violated, or if the sample size is 

small, the important question arises: how valid are my 

results? That is, am I close to the true values for 

the parameters that I am estimating? Confidence 

intervals and standard errors are what we usually use 

to answer this question for univariate statistics. 

However, they are not available for all of the 

multivariate statistics covered in this manual. There 

are, however some other approaches which allow us to 

obtain an estimation of the validity of the estimates. 

Ideally we could apply the estimates from an 

analysis to a new set of data. An example would be to 

find the discriminant functions for assigning 

individuals to groups based on the specimens or OTUs 

already measured, and then compare the proportion of 

errors for those original data with the proportion of 

errors made when using the functions to assign newly 

collected data whose assignment to groups is also known 

a £Tiori. The same procedure could be used with 

principal components: scores computed from 

coefficients determined from one set of data could be 

plotted and compared with those scores obtained by 

using the same coefficients with new data. Frequently, 

however, all of the specimens that the researcher can 

accumulate have already been studied and measured. In 

that case, the same results can be obtained by 

splitting the sample randomly into two groups. In the 

pattern recognition literature, these two samples are 

called the training data set and the test data set, but 

they can of course be used reciprocally: each set can 

be use to compute scores and statistics for the other 

set. This procedure is sometimes called 

cross-validation [Mosteller and Tukey, 1977:36-40]. 
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The split need not be an even split, especially if a 

large sample data is available. The logical extreme of 

assymetrical splitting is a technique, developed by 

John Wo T ukey, called the "jackknife" [Van Valen, 1973; 

Bissel and Ferguson, 1975]. The sample is split into 

two groups, one with one OTU and the other with all of 

the remaining OTUs. To use the jackknife in PCA, for 

example, to estimate the true coefficients and the true 

variance for each principal component, a PCA is done 

for n-1 of the 0TUso Then a different OTU is left out 

and the PCA is repeated. This is done a total of n 

times, once for each OTU left out. The jackknife 

estimates are then weighted averages of the 

coefficients and variances of the n analyses. 

Jackknife estimates have been shown to be quite free of 

distribution assumptions like multivariate normality. 

More importantly the n sets of statistics generated can 

be used to compute the standard errors of all of the 

statistics of interest in the analysis. Jackknifing 

can be applied to factor analysis, PCA, canonical 

correlation analysis, and estimating Mahalanobis 

distance among groups, to name a few applications [see 

Bissel and Ferguson, 1975, for some limitations]. A 

jackknife type procedure is available in BMDP for 

estimating the error probabilities in discriminant 

analysis. 

The main drawback to the use of the jackknife is 

that computation time is increased by a factor of n. 

This can be prohibitively expensive for large data 

sets. However, all possible partitions of one and n-1 

need not be run; the theory and estimates are also 

valid for a random sample of such partitions so that a 

practically sized subset of partitions may be used. An 

example of the use of the jackknife in discriminant 

analysis is given in Mosteller and Tukey 

[1977:1^3-162], and simpler univariate applications are 

discussed in Van Valen [1973] and Bissel and Ferguson 



34 NEFF and MARCUS, 1980 

[19753.  

8)  Randomization tes ts :  

The majori ty of  tests  avai lable in mult ivariate 
analyses are dependent  on normality in s ingle group 
s tudies,  and addit ionally in mult igroup studies,  
homogeneity of  variance-covariance matrices among 
groups.  Also,  some of  the tests  give correct  results  
only for  very large samples.  (Such tests  are 
asymptot ic ,  which means that  the test  sta t is t ic  
approaches the value associated with the correct  
probabil i ty level  only as the sample s izes become 
inf ini te.)  When o nly small  samples are available,  or  
the assumptions are violated by the data in hand,  one 
needs non-parametric  tests ,  i .e .  tests  for  which 
probabil i t ies  can be obtained without  the problematic a  
priori  assumptions about  d istr ibutions.  One form of  
non-parametric  test  of  wide appl ication in univariate 
and mult ivaria te s tat ist ics  is  Fisher 's  randomization 
test  [Sokal  and Rohlf ,  1969:629-637 for  discussion of 
univar iate applicat ions;  Snedecor and Cochran,  
1967:132-134].  The only assumption required is  that  
sampling was random. I t  is  useful  to define a 
randomization test  for  any test  s tat is t ic  whose 
distr ibution is  unknown or  known only for  large samples,  
or  whose dis tr ibution depends on assumptions which are 
not  val id or  about  which the researcher is  not  sure.  

For example i f  one is  tes t ing the null  hypothesis  
that  two mult ivariate data matrices are samples from 
one stat ist ical  populat ion,  versus the al ternat ive 
hypothesis  that  they represent  two different  
s tat ist ical  populat ions for  which the mean o f  one or  
more o f  the variables is  different ,  then the fol lowing 
procedure would produce a randomization test .  For the 
n1  and ri2 individuals  from populat ion one and two 
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respectively, one defines a combined data array of the 

n^+np individuals., Random samples of n-j and n? 

individuals are drawn, and a value for the chosen test 

statistic, (for example Mahalanobis D^), is computed 

for the random partition., This is repeated for all 

possible samples sized n^ and nP, i.e. all 

permutations of the n^+nP individuals into 

partitions of n^ and n? individuals. Sometimes the 

randomization test is called a "permutation test" for 

this reason. If the total number of possible 

permutations is too large, then a reasonably large 

number of random partitions can be made (usually 1000 

or more—the actual number depends on the desired 

accuracy of the probability determined for the test 
2 

statistic). Then the proportion of D~ values greater 
2 than or equal to the D observed for the data 

partitioned into the original samples will give an 

estimate of the probability of exceeding the observed 

D under the null hypothesis. If this probability is 

less than the chosen significance level then one would 

reject the null hypothesis in favor of the alternative 

that the populations sampled were in fact different. 

There are two difficulties with randomization tests: 

1) they take a large amount of computer time in 

comparison with the more usual tests (based on 

multivariate normality), although as computers get 

faster or cheaper, this may not be a limitation. 2) 

For any given testing situation, the test statistic 

used is ad hoc, or derived as an analogy to a test 

statistic (like Mahalanobis D~ suggested above) based 

on multivariate normality assumptions. This does not 

affect the correctness of the test, but the statistic 

chosen may not be the most powerful one. Since the 

power of a test depends on the distribution of the data 

in the underlying statistical population, this is a 

kind of paradox. One can invent "useful statistics" 

for randomization tests, only limited by one's 
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imagination and the nature of the alternative 

hypothesis that one may wish to accept if the test 

result were to lead to a rejection of the null 

hypothesis. Randomization tests are nearly as powerful 

as the optimal normal-based test (i.e. they are 

efficient) in many circumstances for univariate 

statistical tests of hypotheses; therefore the main 

drawback to their use would De the amount of computer 

time required and the lack of procedures in the popular 

statistical packages. 

There is an increased interest in randomization 

tests at this time; a new journal devoted to their use 

has recently been started [Good, 19793. Sokal and 

Rohlf [1969:704-706] provide a FORTRAN computer program 

for two-sample univariate randomization tests. They 

are not difficult to program in FORTRAN or within 

statistical packages such as SAS. 

Sample sizes: 

One of the most common questions asked by a research 

worker is how large a sample do I need for the study I 

am about to undertake? Tnis is one of the hardest 

questions to answer because it depends on so many 

things, including some only known when the study is 

complete. There are, however, guidelines for sample 

size adequacy in terms of some needs, such as how 

precisely one needs to estimate a parameter, or what 

size difference one is looking for when tests of 

hypotheses are proposed for comparing two or more 

populations sampled. In general, rules and guidelines 

are better known for univariate statistics than for 

multivariate statistics, and they do again depend on 

the probability distribution assumed for the data. For 

most statistics the precision, usually measured by the 
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standard error of the statistic (the standard error of 

the mean is perhaps the best known), is inversely 

proportional to the square root of the sample size. In 

other words as the sample size goes up the standard 

error gets smaller, or the precision increases—but it 

is a square root rule. In order to make the standard 

error one half of the value obtained for a sample of n 

observations, 4n observations (or an additional 3n) are 

required. For a specific example, the confidence 

interval length for a principal component's variance 

(i0e. the corresponding eigenvalue) may be deduced to 

be a function of the reciprocal of the square root of 

the sample size from its formula [Morrison, 1976:294]. 

This is however an asymptotic confidence interval, 

which means that the assumed distribution and 

associated probabilities only become correct with 

fairly large sample sizes (really only in the limit as 

the sample size becomes infinite). 

In tests of hypotheses for several groups of 

observations, the sample size required depends on the 

magnitude of differences one wants to detect using 

significance tests. In this case the sample size 

required (in order to detect that difference one is 

interested in) is a function of the significance level 

and the power of the test for finding the specified 

difference [see Dixon and Massey, 1969:264-279, for 

univariate procedures for determining power for 

commonly used tests]. The power of a statistical test, 

for a specified alternative hypothesis, is the 

probability of rejecting the null hypothesis when the 

specified alternative is true; i.e. how often, when the 

alternative is really true, does one say it is true? 

For example, the null hypothesis that the percentage of 

males in a population is 50% against the alternative 

hypothesis that it is not 50% may be tested using the 

binomial distribution for the number of males in random 

samples from the population. The power, for a specific 
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sample size and significance level, can be computed for 

a specific alternative, for example that the proportion 

is If the difference between the value under the 

null hypothesis and the true value is actually larger, 

then the power will be larger, and if it is smaller 

then the power will be smaller. The power will be 1 or 

near 1 f or very large differences, and equal to the 

significance level chosen when the null hypothesis of 

no difference is true (for most two-tailed tests). And 

for any given difference, the power will be greater for 

increasing sample sizes. Very small differences (even 

biologically insignificant differences) can be found to 

be significant for very large sample sizes. 

In multivariate statistics the situation is more 

complicated as sample size determination depends on the 

number of variables, the sample size in each group, and 

the number of groups under study. There are a number 

of "rules of thumb" and much lore on the subject of 

sample size, but unfortunately little documentation for 

most such rules. We have usually chosen not to give 

the rules of thumb unless they are documented by 

studies or statistical theory. We will cite what we 

can under each method where we know of a source for the 

study or rule. 

Many of the tests used in multivariate statistics 

are asymptotic while a few are exact. An exact test is 

one in which the reported significance level is 

obtained from some known probability distribution of 

the test statistic based on the assumptions from which 

the test was derived, regardless of the sample size. 

For example, a test for no difference in joint means of 

two populations for any number of variables is exact: 

the F table may be used to determine rejection values 

for observed F (assuming multivariate normality and 

equality of variance-covariance matrices). Asymptotic 

tests are test statistics whose distributions are known 
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only as the sample size becomes infinite; however, they 

may be good approximations for even relatively small 

sample sizes, Chi-square tests on proportions, based 

on the normal approximation to the binomial, are 

asymptotic tests, even though the approximation may 

give two-place accuracy to significance levels for 

samples as small as n = 10« Adjustments frequently 

improve the approximation (Yates correction in this 

example), and some of the funny looking functions of m, 

n, and k in the formulae for asymptotic test statistics 

(such as some of Bartlett's tests) are such 

correctionSo 

Missing data; 

Almost all of the multivariate techniques have been 

developed in terms of the simplifying assumption of a 

complete data matrix, i.e. a value of each variable is 

available for each individual OTU measured. The usual 

derivations and computations of multivariate techniques 

employ matrix algebra, in which operations are not 

defined for incomplete matrices. Defining new 

operations which reasonably accomodate missing values 

is difficult conceptually, since each specimen can be 

considered a vector in a hyperspace defined by axes 

representing each character, but can not be placed 

relative to characters (axes) for which a value is 

missing. Estimations of missing data estimate the 

specimen's position on an axis for which one does not 

have a value, so that the specimen's position could be 

defined in the total space containing the data. 

Missing data are also a problem in univariate 

statistics (for example in the analysis of variance) 

where partitions of variance are no longer additive and 

independent, and therefore tests are harder to 

interpret. 
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In biological studies it is common for data or 

measurements to be missing as a result of loss, 

breakage or, in the case of fossils, lack of 

preservation of parts of the specimens available. Data 

may also be missing as a result of comparing characters 

which are not present in some populations or OTUs (e.g. 

a comparison of antlers between sexes for some species 

of cervids). These "no comparisons" cannot be 

logically estimated in the same fashion used for 

missing values from incomplete specimens. No 

comparisons are not a problem for statistical tests or 

confidence intervals: we know the populations are 

distinct for those characters. Tests are only relevant 

for characters which are measurable or have some 

variability within the various populations. No 

comparisons are important in numerical taxonomy and 

cluster analysis [see Sneath and 3okal, 1973:178-182, 

for a full discussion]. 

The effect of missing data on results of analyses 

and tests of hypotheses has been an active reseach area 

for statisticians [Afifi and Elsahoff, 1969; Beale and 

Little, 1975; Dempster, Laird and Rubin, 1976]. 

Dempster [1969:260-264] and Morrison [1976:120-124] 

both treat simpler examples of missing or incomplete 

data. They both stress the importance of determining 

whether the fact that the data are missing is related 

to some property of the OTU. For example, if total 

length of a limb bone could not be measured because 

juvenile epiphyses were not fused, the very fact the 

individual is a juvenile might invalidate some of the 

missing data procedures; preferably a procedure 

developed from complete juveniles should be used. 

Pertinent studies on missing data are discussed under 

each method where appropriate, however some general 

approaches are available especially in BMDPC77 and 

later). 
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The BMDP manual [Dixon, 1977:333-336; also see 

Frane, 1976] has a clear discussion of many of the 

simpler options available for detecting patterns of and 

correcting for missing data. These include: 1) 

deletion of cases with missing data, 2) using the data 

available for the variables and pairs of variables for 

computing the variance-covariance matrix or other 

association measures, and 3) substitutions of various 

estimates for missing data in the original data array 

prior to the main multivariate analysis. A variety of 

methods for displaying the pattern of missing data and 

relating the pattern to age or sex, or other variables 

are available in BMDP procedures. They can also be 

used for replacing the missing values by one of a 

number of estimation procedures. Procedures 1) and 2) 

above are available in all of the commonly used 

statistical packages. 
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Computers have played a major role in the recent 

increase in use of multivariate analysis. An 

understanding of the nature of that role is important 

in the ability to critically evaluate applications of 

multivariate techniques. The methods we will discuss 

can all be done "by hand" with pencil and paper, given 

enough time and enough paper, or a small enough data 

set. In other words, humans can and some do know 

exactly what the computer is doing to the data, since 

the computer is acting in response to programming by 

humans. (For example, when it prints out error 

messages in response to part of your program—a 

response which you certainly didn't tell it to 

make—the computer is acting under the control of a 

series of programs which tell it how to deal with the 

program you submitted.) The purpose of emphasizing the 

mechanical nature of computers is to emphasize their 

irrelevance to the structure, intent, and underlying 

theory of the study. For example, the use of a 

computer to calculate the principal components of a 

data matrix is as irrelevant to the results of the 

study as whether one calculated the mean of three 

numbers using a pocket calculator, or pencil and paper, 

or did it in one's head. If the correct formulae are 

used, if the data are entered and operated on correctly 

by each device, then the results will be the same 

except for possible rounding errors. 

Errors and accuracy: 

The complexity of multivariate methods, however, 

means that there are many opportunities for error in 

the use of a statistical program or package by a 

systematist, and also in the programs which constitute 

the statistical package. It is far easier using a 
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computer than using pen and paper to get results from a 

multivariate analysis without knowing what the analysis 

has actually done to the data, which means that the 

errors are less easily detected by the systematise 

Computers can make mistakes, but they are very rare 

compared to operator or programmer (i.e. human) error. 

Even the best and most widely used packages and 

programs have been known to produce incorrect or 

inaccurate results0 The programmers and creators of 

the packages do their best to remove all "bugs" and use 

up-to-date computational procedures (algorithms) but 

mistakes do crop up from time to time. Users can 

protect themselves against such problems by having some 

"benchmark" data sets against which to test the 

programs. Small textbook examples will do for a start, 

but medium-sized data sets with which one is thoroughly 

familiar are better. Run the data set using the 

intended program, and better yet compare the results 

from more than one program for a given analysis. 

Discuss any possible errors or disagreements with your 

local computer center consultant or statistician. The 

creators of the packages want to know about errors in 

order to correct them and provide a better product. 

Accuracy of computed results is another 

consideration in using computer packages and programs. 

Contrary to popular belief, computers are not 

necessarily accurate. The IBM 360-370 series of 

computers for example, only give about 7 significant 

digits when used in single precision mode (the default 

for FORTRAN programs). Other computers may give the 

same or more accuracy; some of the microcomputers or 

minicomputers give less. The accuracy of computation 

is a function of both the architecture of the computer 

and program used (part of the software). Matrix 

computations, used a great deal in multivariate 

analysis, are complex and repetitive, and rounding 
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error, when insufficient digits are used, may give 

answers that are very inaccurate. Some of the packages 

use double precision which gives about 14 digits of 

accuracy, and therefore less round-off errorD Check 

the accuracy of the package or program you are using. 

In FORTRAN for example DOUBLE PRECISION is a program 

option. 

Iteration: 

Many of the computational procedures used to find 

solutions in multivariate statistics are iterative; 

that is the statistics are computed by successive 

approximations rather than by a direct algebraic 

solution. This method is used for one of two possible 

reasons: 1) for some problems, an iterative solution 

is the only one known, or 2) an iterative solution may 

be preferred in a computer program, even though a 

direct algebraic solution may be known. Those methods 

which include the computation of eigenvectors and 

eigenvalues are all iterative: principal components, 

canonical variates analysis and canonical correlation 

depend on this type of iteration. Most forms of factor 

analysis might be thought of as doubly iterative, since 

communalities must be repeatedly estimated through 

eigenvalue and eigenvector determinations which are 

themselves iterative. Some of the most time-consuming 

iterative techniques are those involved in certain 

cluster analyses in numerical taxonomy and tree or 

network analyses in phylogenetic systematics. In the 

latter case a large number of possible networks are 

possible even for relatively few OTUs, although there 

may be a single or only a few optimal solutions. 

Considerable energy has been expended in formulating 

efficient algorithms for finding optimal solutions in 

iterative methods which do not automatically converge 
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to the correct solution. Most such algorithms are 

so-called "hill climbing" algorithms. They are trying 

to maximize some optimality criterion for which there 

are one or more optimal solutions or "summits" and a 

number of suboptimal "hilltops" or local optima. It is 

sometimes difficult to know whether the algorithm has 

reached a local optimum or one of the true "summits". 

New starts (corresponding to randomizing the order of 

presentation of the data to the computation routine) 

will protect against this difficulty, but there is 

usually no absolute guarantee that the optimal solution 

has in fact been obtained. Nonmetric multidimensional 

scaling is an example in which this type of iteration 

is used. 

The user is sometimes free to choose the maximum 

number of iterations in statistical routines. Defaults 

are usually available and one might start with these 

and experimentally change the values to see the effect 

on the solution. Often a criterion used to judge the 

number of iterations required is the difference between 

values from successive iterations: if the absolute 

value of the difference is very small, increasing the 

number of iterations may use much computing time and 

will not change the solution very much. Some 

statistical routines allow the choice of such a 

difference interval. 

Interpretation and publication: 

The methodology discussed here has as its ultimate 

purpose the making of some aspect or structure of the 

data intelligible, whether by exploring for previously 

unseen structure, or by testing the fit of a model, or 

by finding the probability for the truth of a 

statistical hypothesis. Its ultimate value, then, lies 

in the extent to which interpretable results are 
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produced. 

We heartily agree with Kruskal and Wish [1978:12]: 

"The process of interpreting the configuration is the 

central step in many applications, and is best learned 

by active participationc" Simple generalizations about 

how to interpret one's data are not available. There 

is clearly a personal component here, in that one 

benefits from a flexibility of mind to be able to see 

the unexpected, plus a willingness to interact with the 

methodology. The degree of sophistication and 

experience with the methods will also play a role; an 

understanding of how the numbers and plots are obtained 

from the initial data matrix is clearly central to an 

ability to interpret the results. 

The final step, publication, is still not far 

removed from the topic of this manual. We discuss the 

diversity within general methods (such as the varieties 

of factor analysis or discriminant analysis) with the 

partial intent of pointing out details which should be 

specified in a description of any application. Not 

only will several different methods be referred to in 

different references or programs by one name (or a 

confusing variety of names), but various details of the 

specific model may differ among programs (or different 

releases of the same program), or be options within a 

single program. The difficult task of specifying 

precisely which method was employed, and in the model 

those details which are subject to variability, is 

crucial for the useful publication of the results of 

one's analyses. A careful reader will need such 

details in order to digest one's study. An appendix to 

this manual contains a list of suggestions about 

publication of the results of multivariate analysis. 



M E T H O D S  

We have organized the discussions of methods in this 

section according to the structure of the data matrix. 

The two dimensions of the structure considered here are 

the partitioning of variables into one or more sets, 

and the partitioning of items or specimens into one or 

more groups. Our approach is actually an 

oversimplification of some of the considerations 

necessary in the overall design of the study. The 

structure of the data should correspond to the 

structure of the problem being studied, as should the 

structure of the method one will use to analyze that 

problem and those data. Putting the question bluntly, 

is the way you are tackling the problem going to 

produce an answer relevant to your questions? This 

match between problem and method is in practice one of 

the most difficult aspects of multivariate studies. 

Problem structure was discussed at some length in 

the INTRODUCTION (pages 15-19), in terms of the role of 

assumptions in a study. Other considerations are 

discussed by Dempster [1971:322-324] in his treatment 

of "epistemic structure". The logical structure of the 

data set itself, although an extremely important 

subject, is not discussed in our survey; it is assumed 

that the reader is familiar with some aspects of this 

topic, such as the distinction between the different 

kinds of response variables possible (e.g. dichotomous, 

meristic, continuous, etc.). We refer the reader to 

discussions such as Dempster [1971:318-322] or Ghent 

[1979] for important further considerations of data 

structure and acquisition. 

The structure of the model in the method employed 
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should match the problem structure. The data analyst, 

to be able to make this match, must understand the 

structure of the available methods. Therefore, in our 

review of each method, we have included more 

description of the specific mechanics of the method 

than might at first seem warranted for a 

non-mathematical audience. The information we give, 

however, is that which seems to us necessary (although 

perhaps not yet sufficient!) for an understanding of 

the methods, and which is frequently not readily 

available to the biologist. This information is 

largely contained in the first part of each discussion. 

(See pages 1-2 of the INTRODUCTION for the general 

outline followed under each method. Tne shorter 

treatments follow this outline less explicitly; the 

longer discussions use some of these topics as 

subheadings.) 

Tne sequence in which methods are considered in this 

section follows this order: 

1) description of within-sample variation, with no 

partitioning of the variables. 

2) description of within-sample variation, with the 

variables partitioned into two or more sets. 

3) description of among-sample variation. 

The second and third categories will be shown to be 

related, in that if one uses one set of variables as 

indicator variable(s) in a type (2) analysis to 

designate group membership, the result is equivalent to 

an analysis of among-sample variation. To some extent, 

an understanding of methods later in the sequence will 

be facilitated by a reading of the methods preceding 

them. 

The distinction between categories (1) and (3), 

within-group analysis and among-group analysis, lies in 

whether or not the method takes into account 

within-group variation when applied to a multigroup 
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problem. Thus, principal components analysis or 

nonmetric multidimensional scaling may be applied to 

sample centroids (or a collection of vectors of 

character states for OTUs), but the method treats the 

data as a homogeneous set of observations and does not 

incorporate any analysis of within-group variation. 

Discriminant analyses and MANOVA, in contrast, weight 

the between-group descriptors by functions of 

within-group variation. But even this distinction is 

not entirely hard and fast, in that linear discriminant 

analysis (often called canonical variates analysis) is 

equivalent to performing a principal components 

analysis (a type (1) analysis) on group centroids after 

the data (or character space) have been transformed as 

a function of the pooled variance-covariance matrix, 

which transforms the common 95% ellipses within groups 

to circles [Rempe and Weber, 1972], However, it is 

clear that in this case the within-group variation is 

indeed part of the analysis since it is that variation 

which determines the transformation of the space prior 

to the analysis on the group centroids, which puts the 

entire analysis in category (3). 

Up to this point, we have not discussed any 

distinction between univariate and multivariate 

analyses, or whether multi-variable methods such as 

contingency table or multiple regression analyses are 

considered part of multivariate analysis proper or not. 

Our diffidence reflects the lack of unanimity in the 

field. We are using "multivariate" in this text to 

refer to any method or problem which involves more than 

one random variable. Our philosophical orientation is 

that multivariate analyses are those used in the study 

of covariation and interrelationships among variables, 

and associations among individuals. Even when the 

design of a study includes more than one fixed or 

controlled variable (i.e. design variables), such a 

study is to us still univariate in its focus on one 
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variable of interest, one substantive variable in 

Dempster's terminology. Although we have not used the 

term so broadly (for practical reasons, in view of what 

is usually meant by 'multivariate'), we appreciate 

Dempster's point [1971:317]: "A preferable viewpoint 

would be to start with ordinary 'univariate' data as 

the simplest case of multivariate data—relating one 

substantive variable (like weight) to an indexing 

variable (labelling the animals weighed)—and to place 

no rigid limits on the varieties of data types to be 

called multivariate." [Dempster, 1971:3173. 

The most important point about 'multivariate' vs. 

'univariate' is that there is no single right answer, 

only preferences and noticeable variation in textbooks 

and references. ANOVA is generally considered a 

univariate technique but its model is often written in 

its most general form in matrix notation and is a 

special case of multiple regression, which is 

frequently viewed as a multivariate technique. (We 

discuss two models for multiple regression, one of whch 

is univariate by our definition, and the other 

multivariate. Both are considered here since they 

constitute a more complicated topic less frequently 

considered in introductory texts.) While more typical 

univariate procedures could be fitted into the 

categories given for the following discussion, it did 

not seem efficient considering the large number of good 

introductory statistics texts available. Therefore, 

the following discussion assumes some familiarity with 

univariate statistics, including ANOVA, as well as some 

general background in statistical inference. 
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If a data set is visualized as a cloud(s) or scatter 

of points (each point representing an individual) in an 

m-dimensional character space (each axis representing a 

variable), then principal components analysis (PCA) is 

a method that finds a new set of orthogonal (mutually 

perpendicular) axes in the directions of greatest 

variance among individuals. The first 3xis is a line 

in the direction through the cloud such that the 

projections of the individuals onto the line have 

maximum variance (or equivalently, such that the sum of 

squares of the distances between each point and the 

line is minimized). This is equivalent to finding the 

major axis of the best fitting ellipsoid determined 

from the cloud of points (e.g. a multidimensional 

football shape). The second axis is in the direction 

of greatest variance perpendicular to the first axis. 

Successive axes are found until all of the variance is 

accounted for. These axes are the principal axes, or 

the principal component axes. The bivariate case is 

pictured to the right: z-j and z? are the new axes. 

The first step in PCA is usually to mean-center the 

raw data set, A; this produces a matrix B. From B is 

determined the variance-covariance matrix, S. The 

eigenvectors of S are vectors in the directions of the 

principal axes (orthogonal axes in the directions of 

maximum variance among the individuals in B), and when 

appropriately scaled, the eigenvectors are also the 

sets of coefficients that are used in the equations for 

the principal components. (Descriptions of how to 

compute eigenvectors are found in most texts; 

particularly good descriptions are in Van de Geer 

[1971:62-74] and J&reskog, Klovan, and Reyment 

[1976:63-78].) The first principal component is a 

linear compound of the original observations (b^j's) 

weighted by the elements of the first eigenvector 
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(e n ' s ) :  

Z i1 =  e11b i1 +  e21 b i2 +  +  em1 b im 

c 
{ 1 }  

of B ( with elements b i 1  through b i m  for  m 
var iables)  corresponding to a  given individual  i  
produces the score z — of  the i th individual  on the 
j th principal  component  axis  in the new 
coordinate system0  (z i l  on the f i rst  pr incipal  
component  i s  the example in equation {1} above.)  The 
col lect ion of eigenvectors for  a data set  may be 
thought of  as  a matrix E w ith as  many columns or  
vectors  as  the rank of  the matrices B and S,  usually m 
vectors  ( if  n>m) for  real  data.  The matrix E a s  a 
whole is  also sometimes referred to as the weighting 
matrix or  coefficient  matrix,  because i t  contains a l l  
of  the weights  or  coeff icients  for  each original  or  
mean-centered variable used to determine the posi t ion 
of  each observat ion on each of  the new a xes.  Each 
score results  from mult iplying each eigenvector  t imes 
each observation vector ,  as  in equation {1}.  The 
ent ire  set  of  scores ("Z" below) is  then the entire  set  
of  coordinates of  the original  individuals  in the new 
coordinate system defined by the principal  component  
axes:  

(Z = B * E) {2} 
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The amount of  the total  variance among the 
observat ions at t r ibutable to or  explained by each 
component  is  given by the eigenvalue associated with 
that  eigenvector  corresponding to the component .  The 
sum of  a l l  the eigenvalues is  equal  to the sum o f  a l l  
the variances of  the original  variables .  The 
eigenvalues are ordered such that  the biggest  
eigenvalue is  associated with the f i rst  eigenvector ,  
s ince the f i rs t  component  axis  is  in the direct ion of 
maximum v ariance among the individuals .  (Tne 
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eigenvalues are sometimes arranged as the diagonal  
elements in an m x m ma tr ix,  with off-diagonal  elements 
equal  to zero.  This  is  the form of  a  
variance-covariance matrix,  with the eigenvalues as  the 
variances of  each new var iable or  component ,  and the 
covariances equal  to zero s ince the principal  
components are uncorrelated.)  

Alternative pic tures or  results  ar ise from possible 
variat ions in the procedure just  outl ined.  Let 's  
consider  f i rst  that  one can also calculate the 
principal  components of  a  data matrix (matr ix A) that  
has not  only been mean-centered (matr ix B),  but  also 
standardized (producing matrix C) so that  each variable 
has standard deviat ion 1.0 .  In this  case,  the 
eigenvectors that  are found are those of  the 
correla t ion matrix,  R.  The result ing principal  
components will  not  be the same a s  the principal  
components result ing from the eigenvectors of  a  
variance-covariance matrix,  s ince the division by the 
variables '  s tandard deviat ions ( the standard deviat ion 
of  the columns of  B) in  the standardization of  the data 
is ,  in geometric  terms,  a shearing transformation 
rather  than a s imple rotat ion or t ranslat ion.  Thus,  
the posit ions of  the points  re lat ive to each other  are 
changed.  (The t ransformat ion from B to the correlat ion 
matrix is  changing the scale of  each axis  so that  the 
transformed variables (before PCA) a l l  have standard 
deviat ion or  variance 1.0 „)  The important  conclusion 
is  that  PCA on C, using the correlat ion matrix,  vs .  PCA 
on B, using the variance-covariance matrix,  results  in 
solut ions which are different ,  frequently very 
different ,  and which cannot  easi ly be transformed from 
one to the other  by any simple scal ing;  thus PCA i s  
not  invariant  under such rescal ing of the variables.  

There is  also variat ion in the scal ing of  the 
eigenvectors,  and in the preferences held for  different  

(^S matrix) 

b, 

95% cone en trad"/on ellipse, 
cf mean-centered da.fcL 

Cor re lection be.tuj<zen b, 
and bz. - . 7 

R matrix) 

95% concentration ellipse 
of Hid same decta. aft<zr 
standardisation); correlation 
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methods of scaling. The coefficient matrix E, which is 

usually used to calculate the scores on components, is 

scaled such that the sums of squares of its rows 

(corresponding to the original variables) are 1.0 and 

similarly the sums of squares of its columns 

(corresponding to the components) are 1.0 . (This 

means that each eigenvector so scaled or normalized has 

length 1.0 .) When the coefficients of the components 

are expressed in this fashion, each element squared 

represents the proportion of the component's variance 

that is accounted for by a particular one of the 

original variables. The elements of the eigenvectors 

scaled in this fashion are frequently called weights; 

they are the coefficients e^ in the equation for 

calculating the score of each observation (represented 

by the vector of measurements bi) on the first 

component, shown above. The elements of an 

eigenvector, scaled to have length 1.0, are also the 

cosines of the angles between the principal component 

axis corresponding to that eigenvector and the axes 

representing the variables. And they are the 

regression coefficients of the component on the 

original variables. The eigenvector is a unit vector 

on the corresponding principal component axis when 

plotted in the original variable space. Whether the 

elements of an eigenvector are positive or negative is 

in one sense arbitrary: the entire eigenvector can be 

multiplied by a -1.0, and will still be a unit vector 

along the same axis, but in the opposite direction. 

(This follows from the relationship: 

cos( ̂ +180°) = -cos 0 .) 

The elements of the eigenvectors are sometimes 

scaled in a fashion like that more frequently employed 

in factor analysis: the elements of an eigenvector 

scaled to have length 1.0 are multiplied by the square 

root of the corresponding eigenvalue, and each element 

is divided by the standard deviation of the 
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i corresponding original  variable.  (Tne s tep of  dividing 
by the standard deviat ion of  the variables is  
unnecessary when C ha s been analyzed,  s ince in that  
matrix the standardized variables have standard 
deviat ion 1.0 . )  Tne result  is  that  each vector  is  so 
scaled to have a length equal  to the square root  of  the 
corresponding eigenvalue.  The elements of  these 
vectors are sometimes cal led coeff icients  also,  but  are 
more often termed loadings,  or  component  correlat ions,  
s ince each loading is  the correlat ion between an 
original  variable and a component .  They are again 
cosines of  angles,  in this  case between the component  
axes and the original  variable axes in a coordinate 
system constructed so that  the angles between the 
variable axes equal  the correlat ions between those 
variables.  And each element squared is  equal  to the 
proport ion or  percent  of  the variance of  each original  
variable that  is  accounted for  by a  part icular  
component .  This  view can be very useful  for  
interpretat ion,  s ince the si tuat ion where variat ion in 
a part icular  variable is  largely accounted for  by one 
of  the la ter  components (with a small  eigenvalue) would 
be more apparent ;  these later  components are 
frequently examined in less  detai l  or  ent irely ignored 
since they explain a small  amount of  the total  
variance,  but  may s t i l l  contain information of  
importance with respect  to a few variables or  
observations.  (Morrison [1976:273-274] briefly 
discusses how t o deal  with this  s i tuat ion.)  

«,?'YZe,,-G95'*' 
e*i-ilje.2.r Co5/3 
COS ^ - r/z (corrz.iahon) 

If  only some s ubset  of  the pr incipal  components with 
associated eigenvalues greater  than zero is  reta ined,  
one may t hen ask:  what  i s  lef t  of  the 
variance-covariance matrix S,  the correlat ion matrix R, 
or  even the mean-centered data matrix B, af ter  the 
port ion that  is  explained by the reta ined components i s  
subtracted? Our earl ier  statement of  the model  for  
principal  components analysis ,  that  the scores are the 

J 
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product of the original  observations t imes the 
eigenvectors (Z=B*E),  can be equally well  writ ten by 
expressing the original  data in terms of the principal 
component s cores and coefficients:  B=Z*E'.  If  only the 
r  largest  components a re retained (and the original  
matrix was of some rank greater than r) ,  then the 
scores on those r  components and the r  sets of 
coefficients will  not completely predict  the original  
dataD  The d ifferences between the original  data and 
the amounts ex plained by the r  components a re called 
residuals ( the matrix labeled "V" i n equation (3))I  

Similarly,  the variance-covariance matr ix of the 
original  data equals the part  of the 
variance-covariance matr ix explained by the components 
plus the residual variances and covariances0  

The matrix L i s  the r  x r  diagonal matrix of r  
eigenvalues retained. Both s ets of residuals,  that  set  
from the variance-covariance matrix and that  set  from 
the original  data matrix,  may be examined for large 
values or structure among the values.  Both U and V 
will  have rank less than or equal to m-r,  since r  
dimensions have been explained by t he r  components.  

In summary a t  this point,  i t  may be useful to 
consider the terras that  have been used in this 
discussion of principal components a nalysis.  The 
l i terature discussing PCA ( i ncluding texts in 
multivariate s tatis t ics) shows great  variation and 
considerable inconsistency in the use of some te rms. 
First ,  let  us rei terate that  a principal component of a 
data matrix is  a new v ariable produced from the l inear 
combination of the original  variables using the 
elements of the corresponding eigenvector (usually 

B = Z rE r '  + V (3) 

S = E rLE^ + U {4} 
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scaled to have length 1.0) as the coefficients. The 

eigenvalue is a single value for each eigenvector, 

equal to the variance of the observations in the 

direction of the corresponding principal component 

axis. (The elements of an eigenvector are not 

eigenvalues.) Eigenvectors and eigenvalues are also 

called latent vectors and latent roots, or 

characteristic vectors and characteristic roots, 

respectively. 

When the equation for a principal component is 

solved using the measurements for an individual 

(usually the mean-centered measurement from B, but not 

always), one obtains the score of that individual on 

that component. The axes on which the scores of the 

individuals are plotted are not the principal 

components themselves, but rather they are each an axis 

(or basis vector) providing a scale against which the 

scores for a component are plotted. (This is a fine 

but important distinction, and perhaps more obvious 

when expressed in terms of two of the original 

variables: each axis in a bivariate plot, of "length 

(L) by width (W)", for example, is not the variable 

length or width itself, but is the axis or scale 

against which the values of the variable in the data 

set are plotted.) The equation for a principal 

component (as {1} above) is not the equation of the 

principal component axis, but is instead the equation 

of an m-dimensional hyperspace since there are m+1 

variables in the equation (the m original variables and 

the score). 

There are two ways to find the equation (in terms of 

the original variables) of a principal component axis. 

One is to use the fact that, in any system of 

perpendicular axes, any axis is defined as that line 

for which the values of all the remaining variables are 

zero. (For example, in a bivariate case with axes for 
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X and Y, the Y-axis is the line X=0.) In component 

terms, each axis is a line of points with score of zero 

for all other components. So one solves a set of m-1 

simultaneous equations: in this case, a solution of 

any m-1 principal components set equal to zero is the 

equation of the axis corresponding to the remaining 

component. Tnis is more easily said than done, 

however, so we are fortunate that there is a 

computationally simpler method. Since the cosine of an 

angle between a vector and an axis is equal to the 

projection of the vector, scaled to have length one, on 

that axis, the elements of each eigenvector, being such 

cosines, give us the coordinates of a point on the 

corresponding principal component axis in the original 

variable space. Since each component also goes through 

the origin of mean-centered data, we have the 

coordinates of two points, which determine a line—the 

principal component axis. This is illustrated for a 

bivariate case in the figure to the right. 

The elements of the eigenvectors suffer the most 

variation in terminology. One can find examples of 

almost any term—weight, coefficient, loading, and 

others—being used for the elements of eigenvectors 

scaled in a variety of ways. We would like to make two 

points: 

(1) The term coefficient or regression coefficient 

seems most logically applied to an element of an 

eigenvector scaled to have length one, since such 

values are usually the coefficients in the equation for 

a principal component. Tne scores thus produced have a 

variance for each component equal to the corresponding 

eigenvalue. If one is performing principal components 

analysis within a factor analytic framework, then a set 

of coefficients, often called factor-score 

coefficients, may also be produced, which are instead 

the elements of the eigenvector scaled to have a length 
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equal to the inverse of the square root of the 

corresponding eigenvalue. The resulting scores will 

have a variance equal to 1.0 for each component. The 

term correlation coefficient refers to an element that 

has been multiplied by the ratio of the square root of 

the variance of the component (i.e. the square root of 

the eigenvalue) to the standard deviation of the 

original variable. Loading is frequently used rather 

ambiguously to refer to an element of an eigenvector 

regardless of scaling. In practice, "loading" most 
i 

often refers to a correlation coefficient. Correlation 

coefficient is the term for (and the scaling of) 

eigenvector elements most often used in factor 

analysis; correlation coefficients (and therefore 

usually loadings) are not used as coefficients in the 

principal components equations. 

(2) No matter what term or other scaling is used, it 

helps to state explicitly in publications the scaling 

employed if values of "coefficients" or "loadings" are 

discussed. 

Much of the variation in the terms for the elements 

of the eigenvectors, and for the entire matrix E scaled 

in different ways, arise from the disagreements in the 

literature over whether or not PCA is a type of factor 

analysis. We think that it is most useful to 

distinguish between PCA and factor analysis because the 

latter has rather different goals and diverse 

underlying models, and is therefore much more 

complicated. PCA is unfortunately treated as part of 

factor analysis in many of the major statistical 

packages, with the result that most of the terminology 

is factor analytic, and more complicated and confusing 

than necessary. In spite of this orientation in the 

packages, we feel that it is heuristically useful to 

distinguish clearly between principal components 

analysis and factor analysis, and to avoid further 
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ambiguous use of terms. PCA and factor analysis are 

contrasted in some detail in the section on "Factor 

Analysis". 

Applications: 

Principal components analysis is widely used as a 

dimension-reducing technique, to summarize as much of 

the information (variation) in the data as possible in 

a few dimensions [Gnanadesikan, 1977:7—15; Rao, 1964]. 

A large series of measurements, for example, might be 

suspected of being highly redundant, but of containing 

information about a few important "factors" (size 

perhaps, and some proportional/shape features, for 

example). In this case, the first two or three 

principal components might explain a large proportion 

of the variation in the data set, and the remaining 

components might be considered measurement error or 

'uninteresting' individual variation or both. If the 

data points were entirely contained within a subspace 

(of dimensionality, r, lower than the original number 

of variables, m), then the last m-r eigenvalues would 

be zero since the first r eigenvectors would explain 

all the variation in the data. (A 3-dimensional 

example would be if all the data points, each 

individual given by three coordinates, lay on a plane 

somewhere in 3-space, then PCA would find two axes on 

that plane, and the eigenvalue for a third axis would 

be zero since there is no variation in that direction, 

perpendicular to the plane.) As an aspect of the use 

of PCA to summarize data, the scores of the individuals 

on the first two or three components can be plotted, 

which can then be visually examined more easily than 

can all the numerous possible plots of the original 

data [Pizzimenti, 1975; Hoffman, Koeppl and Nadler, 

1979; Best, 1978 with MST; Kennedy and Schnell, 1978 

for a three-dimensional perspective drawing]. The 
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relationship between the original variables and the 

principal components can be visualized by projecting a 

vector (usually scaled to have length equal to the 

standard deviation of the variable) for each variable 

onto the plot of the scores [for example, see Jolicoeur 

and Mosimann, 1960: Fig0 5]. PCA can also be used to 

reduce the number of variables prior to further 

analysis; the scores on the chosen components would be 

used as the new pieces of data. 

PCA is also a useful exploration technique: It 

provides convenient axes on which to plot the data for 

examination of the interrelationships among 

individuals. This may enable the detection of outliers 

among the data, either errors or truly aberrant 

individuals [Gnanadesikan and Kettenring, 1972]. (Such 

plots might not warrant publication in themselves, but 

their production is frequently a profitable step in the 

analysis.) 

However, here we repeat the caveat we made above in 

a different fashion: the investigator should consider 

carefully what kinds of structure she/he is looking for 

or is interested in, since there are possible 

situations in which some interesting or significant 

structure will be expressed only in later components. 

One possibility is one or two variables not correlated 

with any of the others, and therefore expressed only in 

a later component; information in those variables 

would not be included in subsequent analyses based only 

on the first few components. Another possibility is 

one or a few individuals being distinctly deviant from 

the others in a direction that does not account for 

much of the total variation; such individuals would 

not appear "out of place", or separated from the 

others, in plots of only the first few components. One 

way to check for interesting structure or information 

in later components is to calculate residuals; these 
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are discussed briefly in Cooley and Lohnes [1971:104] 

and more extensively in Gnanadesikan [1977:260-2633. 

The scores of individuals on the principal component 

axes can be examined in several ways in addition to the 

usual scatter plots. The scores are sometimes used in 

t-tests, for example, or may be plotted on maps [e.g. 

Menozzi, Piazza and Cavalli-Sforza, 1978; Kennedy and 

Schnell, 19783. See Thorpe [19763 for references to 

analysis of geographic variation using PCA. Carleton 

and Eshelman [1979: Fig. 173 plot scores for two 

components against time for fossil rodents. 

The eigenvectors provide information about the 

dependencies among the measured variables, which may 

lead to the recognition of functional complexes. The 

most common such interpretation is the identification 

of a component with eigenvector coefficients all of the 

same sign and very nearly the same size as a "size 

component" [e.g. Bryant and Turner, 1978:764; see 

Blackith and Reyment, 1971:147-153 for discussion and 

further examples3. When several coefficients are much 

larger than the others (and usually of opposite sign) 

the component is said to be summarizing shape as 

expressed in the contrasts between those highly 

weighted characters. [Jolicoeur and Mosimann, 1960; 

Morrison, 1976:286-289.3 

One aspect of interpretation in PCA may be worth 

mentioning, if only to stimulate a little argument: 

after the first component, there is no reason to expect 

the principal components to be a particularly 

meaningful combination of characters, and even the 

significance of the first could be questioned. 

Biologically interpretable combinations would not 

necessarily be expected to be orthogonal; this is the 

rationale for oblique rotations in factor analysis (see 

that section). The value of PCA is that it provides 
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the two- or three-dimensional space that contains as 

much as possible of the information (variation) in the 

total data. The 'interesting' directions within this 

space would not necessarily be expected to be parallel 

to one of the components, but should instead be 

visually assessed. For example, the size directions 

(not parallel between groups) and the directions of 

discrimination among groups, were not parallel to any 

principal component axis in a fairly typical data set 

for two parental species and their hybrids [Neff and 

Smith, 19793. 

Computational requirements: 

None. [Gower, 1966a:326.3 

Statistical assumptions: 

PCA is not primarily a hypothesis-testing procedure, 

but instead a data analysis method for displaying 

interrelationships among individuals or variables. 

Because of this intention, there have not been a large 

number of tests devised to use with the results of PCA. 

Even if the method is used descriptively, however, it 

is important to remember that the eigenvectors and axes 

that are found are those for that set of specimens 

measured. If the same variables were measured on 

another sample of individuals from the same population, 

the eigenvectors would be slightly different. In other 

words, there is sampling error, which limits the extent 

to which one can make precise statements about the 

eigenvectors of a population R or 3 matrix for a given 

set of variables based on the eigenvectors of a sample 

R or S matrix. 

Hypotheses can be formulated, however, about the 
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components found, and there have been some tests 

devised, If the eigenvalues for two components are 

exactly the same, then the distribution of the data in 

the plane defined by those two components forms a 

circle0 Intuitively, one can immediately see that for 

a circle, the major vs. minor axis is indeterminant: 

any two axes equally well describe the variation 

presente Therefore, the particular orientation that 

resulted would be a random event, and the associated 

eigenvectors without particular significance. It is 

extremely unlikely that any two or more eigenvalues for 

real data will be numerically precisely the same, but 

they may be quite similar, A test for sphericity can 

be used to test the null hypothesis that any two or 

more eigenvalues are the same, or even that the 

correlation matrix is equal to the identity 

matrix—-i.e. all the correlations between pairs of 

variables are zero. If the latter is found to be true, 

then PCA is not applicable, since the original 

variables are already uncorrelated [See Cooley and 

Lohnes, 1971:102-1033. The test for the equality 

of any two or more eigenvalues permits one to 

determine the meaningful principal axes [See Morrison, 

1976:294-2953, Cooley and Lohnes [1971:1053 describe a 

test for the null hypothesis that the determinant of 

the population residual matrix (after a certain number 

of components have been extracted) is zero, which would 

indicate that subsequent components should not be used. 

Other possible inferential procedures include 

confidence intervals for the eigenvalues, and a test of 

the hypothesis that a particular eigenvector is equal 

to some specified vector (which can be specified to 

allow a test of a hypothesis of an allometric 

relationship among others)» [See Morrison, 

1976:292-299.3 

Valid use of these tests requires the assumption 

that the data are multivariately normally distributed 
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(which implies that the data are homogeneous, iceM not 

a mixture of sources of variation, such as, in 

biological terms, both sexes, more than one species, 

etc.). Many of the tests also assume full rank for the 

data, since in those tests the inverse of the 

coefficient matrix E is used, but will be undefined if 

E is less than rank m. Some of the tests (including 

all those discussed in Morrison [1976]) require large 

sample sizes, since the probabilities for the test 

statistics are true as n approaches infinity. Harris 

[1975:175] recommends that the sample size be such that 

the difference between n and the number of variables is 

greater than 30: n-m>30. (We do not know the basis for 

this recommendation however.) Fewer tests are 

available for PCA results calculated from the 

correlation matrix than from the variance-covariance 

matrix. 

Gnanadesikan [1977:203-207] discusses various 

graphical techniques for examining the entire set of 

eigenvalues from an analysis, but notes the dearth of 

formal inferential procedures in this area. 

Biological assumptions: 

The use of PCA, as described above, to look for 

relationships among variables is limited to looking for 

linear relationships since the principal components are 

themselves linear combinations of the original 

variables. Linear relationships are not always to be 

expected, however (especially if variables are measured 

on different scales—e.g. angles, linear measurements, 

weights, percentages, or ratios). If one has some 

reason to expect a specific sort of nonlinear 

relationship, then an appropriate transformation of the 

original data might be useful (such as logarithms of 

lengths and weights). Another, little explored 
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possibility is non-linear or generalized PCA for 

finding the non-linear coordinate system most closely 

in agreement with the data. [Gnanadesikan 1977:48-62.] 

An implicit assumption frequently made in the use of 

PCA is that the important biological phenomena will be 

represented most clearly by the components in the 

directions of greatest variance, i.e. the first few 

components. Inferences about the entire data set are 

frequently based on the first few components, 

especially when they explain a very large proportion of 

the total variance. This assumption can be tested by 

examination of the loadings of the variables and the 

scores of the observations on all the principal 

components. 

The assumption is frequently made when PCA is used 

descriptively that the results of a PCA on a sample can 

be taken as representative of the directions of 

variation and interrelationships among variables found 

in the population. The extent to which this is valid 

depends, of course, on the size of the sample and the 

degree to which it is representative of the population. 

When the data are known to represent more than one 

group, and are therefore heterogeneous, the additional 

step is sometimes taken of comparing patterns of 

variation among the groups. The implicit assumption is 

sometimes made during such interpretation that the 

directions of greatest variance are the same for all 

groups, or the same for each group as for the data 

taken as a whole (see also Applications under 

"Discriminant Analysis"). The validity of this 

assumption can be examined by PCA of each group 

separately, or some subset of the groups, and a 

comparison of the size of the eigenvalues and the 

loadings on each eigenvector. 
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The choice made between the correlation and the 

variance-covariance matrix implies an assumption about 

the variance in the original datae When PCA is done on 

the variance-covariance matrix, those variables with 

high variance in the data are given greater weight in 

the analysis. The correlation matrix results from 

standardizing the deviations from the mean, i.e. 

dividing each deviation from the mean by the standard 

deviation of the variable, so the resulting values have 

a mean of zero and a standard deviation of one for each 

variable. To use the variance-covariance matrix is 

then to attribute importance or meaning to the 

different amounts of variation in the variables. One 

should remember that the relative amounts of variation 

are at least partly a function of scaling; if a 

variety of scales were employed (millimeters, grams, 

and meristic counts, for example), the correlation 

matrix is generally preferable. If all measurements 

were made in one unit, in millimeters for example, and 

the variation in shape were being examined, then the 

variance-covariance matrix may be more suitable. 

Performing a log-transformation of the data prior to 

PCA on the variance-covariance matrix would "correct" 

for difference in variance related to large differences 

in the mean value of variables measured on the same 

scale. 

Interpretation of the results of PCA frequently 

involves an assumption that variables that are highly 

correlated are in some fashion functionally linked. 

If PCA is used to evaluate interrelationships among 

individuals or groups of individuals, the assumption is 

often made that the relevant groups are indeed present. 

For example, in analysis of putative hybrids, it is 

frequently assumed that the possible parental species 

have all been identified and included in the analysis. 

(See Neff and Smith [1979] for a discussion of the 
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assumptions required by PCA in hybrid analysis.) 

As mentioned previously, the assumption of 

multivariate normality required for appropriate 

statistical inference translates into a variety of 

biological assumptions, such as lack of sexual 

dimorphism, presence in the sample of only one species 

or morph, and so forth. Such homogeneity is not 

usually assumed in a descriptive or exploratory use of 

PCA in which statistical tests are not employed. Even 

in a descriptive use of PCA, however, the method is 

often sensitive to the inclusion of one or two 

characters with very few states (0/1 coded, for 

example) in a data set comprising largely continuously 

distributed characters. The result may be a component 

almost entirely devoted to the two- or three-state 

character; this may produce two or three clusters in 

the plots of the scores [Neff and Smith, 1979:186,192], 

Statistical packages and computer programs: 

MIDAS has a convenient PCA routine, under that 

designation. 

SAS allows a PCA using the correlation matrix in 

PROC FACTOR. Scores can be produced using PROC SCORE, 

and plotted using PROC PRINT. PROC MATRIX of SAS 

permits the most flexibility, since the user can 

program PCA in a few lines, and exercise much greater 

control over variations in the method and subsequent 

manipulations of various results. 

SPSS will allow PCA, also within the procedure 

FACTOR. Analysis is limited to correlation matrices. 

Scores can be computed for observations with missing 

data; various options are available. 
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BMDP offers perhaps the most versatile of the 

generally available "canned" PCA procedures, as part of 

the factor analysis procedure0 Correlation or 

variance-covariance matrices may be used, as well as 

other matriceso Tne data may be mean-centered or not, 

and cases may be differentially weighted. Distance 

statistics useful for detection of outliers are 

available. (This is one form in which residuals can be 

reported.) One can also use coefficients from one set 

of data to compute scores using another set of data. 

Various plots may be obtained using options within the 

procedure. 

NTSYS has PCA as an option in its procedure FACTOR 

for both correlation and variance-covariance matrices. 

Principal component scores are computed using a 

procedure PROJECT and plotted using procedure MXPLOT. 

If one has more variables than individuals or 

observations in the original data matrix (m > n), 

principal coordinates analysis may be used as a 

computational shortcut. (See the next section on 

"Principal Coordinates Analysis".) However, most 

principal coordinates analysis programs do not produce 

the loadings of the original variables, which may be 

desired as output. 
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PRINCIPAL COORDINATES ANALYSIS 

Principal coordinates analysis (PCORD) produces 

coordinates on axes in Euclidean space for a set of 

individuals or OTUs from data that consist of 

associations between all pairs of OTUs in the set. 

This association matrix from which the principal 

coordinates are calculated may be a matrix of inter-OTU 

distances, distance squared, other dissimilarity 

measures, or any of a wide variety of similarity 

coefficients [see Sneath and Sokal,1973:248-249]. 

Starting with an initial matrix which represents 

either inter-OTU similarities or differences, PCORD 

produces scores on coordinate axes that summarize the 

inter-OTU distances. We will discuss first a principal 

coordinates analysis where one is given initially the 

Pythagorean or Euclidean distance. In this matrix, 

each off-diagonal element djj represents the 

Pythagorean distance between individual OTUs i and j, 

and the diagonal elements, diit the distance from an 

OTU to itself, is zero. (Note that the dare not 
-1/P divided by m as in the "average taxonomic 

distance" measure frequently used in numerical taxonomy 

[Sneath and Sokal, 1973:124]; however, the latter 

distances are proportional to 

The distance matrix is transformed to an association 

matrix G where each: 

sij= "*5dij * 

The diagonal elements of G, the g^. are still zero, 

so the sum of the diagonal elements, the trace of G, is 

zero. Therefore, if one found the eigenvalues and 

eigenvectors of this G matrix, the sum of the 

eigenvalues would be zero, which means that some 

positive and some negative eigenvalues would be 

produced. To insure that this G matrix has all 

eigenvalues greater than or equal to zero, G is 
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transformed to H using the relation: 

hij=gij-gi.-g.j+g.. 12) 

The effect of this transformation is to preserve the 

interpoint distances as they were in G, but to express 

the position of the points in terms of the lengths of 

their vectors from the origin and the angles between 

those vectors, (Tne g.^. and g. ̂ are the means of 

the rows and of the columns, respectively, of G, and 

g,. is the grand mean of all of the g^j's.) Each 

diagonal element h^ of H now represents the squared 

distance of OTU i from the centroid of the data. The 

h-, when divided by the square roots of the 
^  J  

corresponding h^ and hjj represent the cosine of 

the angle between OTU i and j. 

The principal coordinates are the eigenvectors of H 

scaled to have lengths equal to the square root of 

their respective eigenvalues. The n elements of the 

first eigenvector are themselves the scores for each 

OTU on the first axis; the squared distances between 

scores (or projections) on this axis contribute most to 

the sum of all squared interpoint distances—all 

d?j in the original distance matrix. The scores 

for the OTUs on the second axis, given by the second 

eigenvector of H, make the second largest contribution 

orthogonal to the first axis, and so on. The scores on 

orthogonal axes are uncorrelated. The number of axes 

obtained will be less than or equal to n-1. If the sum 

of squared distances can be well represented in 

relatively few dimensions, then relatively few axes 

contribute a relatively large amount to the sum of 

squared distances. Tne proportion of the total of the 

squared distances explained by one or more principal 

coordinates will be the ratio of the sum of their 

corresponding eigenvalues to the sum of all of the 

eigenvalues. 

As was stated before, the initial data for a 
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principal coordinates analysis may be a matrix of any 

sort of inter-OTU distance measure or similarity 

coefficient* Association indices—distances or 

similarities—are often calculated from an OTU by 

character data matrix, but may also be generated 

directly (without ever measuring separate characters 

for each OTU), such as in the measurement of 

immunological distances,. Since principal coordinates 

are calculated without reference to any original 

variables or measures, principal coordinates analysis 

can be performed in these cases where only association 

matrices are available. One should note that if the 

initial matrix is a distance or difference matrix, it 

must be transformed to a similarity matrix, G, using 

equation {1} above* G is in turn mean-centered, 

producing H. The addition of a constant to G does not 

change the subsequent matrix H (see equation {2} 

above), and therefore does not change the interpoint 

distances* 

The result of PCORD of an association matrix is a 

set of coordinates for the OTUs such that the distance 

squared between any two OTUs in this new coordinate 

system is a function of the value of the association 

between them in the original data set: 

dfj = 8il^jj-2gij 13) 

When the similarity measures of OTUs with themselves 

are one (which is true, for example, with correlation 

matrices and most similarity measures used in numerical 

taxonomy), equation {3) reduces to 

dfj=2(l-glj) (4) 

If the initial data matrix was a matrix of Pythagorean 

distances between points, then the distances between 

points in the final representation are the same as in 

the initial matrix. (Equation {4} is equivalent to 

equation {1} since the addition of a constant to G does 
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not the change the matrix H„ obtained by mean-centering 

G, and therefore does not change the interpoint 

distances.) We now have a set of coordinate axes in 

which the first few axes explain a relatively large 

amount of the sum of interpoint distances. 

When the initial association matrix is some other 

association measure, other than djj* the distances 

between points in the principal coordinates results 

will still be a function ({3} or {4}) of the 

association measure, but will no longer necessarily be 

the Pythagorean distance between the initial points0 

(This Pythagorean distance between initial points will 

be known only if initial coordinates were known. If 

only an association matrix is given, then "an original 

position" of the data points will not be known.) 

Principal coordinates analysis is therefore a method of 

constructing a metric representation of the relative 

position of points where the distances between points 

are proportional to the strength of the association, as 

measured by the association index used in constructing 

the original data matrix. 

Gower [19673 has provided a simple approach to 

adding the principal coordinates scores of an 

additional OTU not used initially to calculate the 

principal coordinates. The new OTU can then be plotted 

together with the data already used in the analysis. 

The new point may also generate a new axis, and the 

coordinates for the OTUs on the new axis may also be 

determined. This is useful when new OTUs are added to 

a study in which the principal coordinates analysis is 

already completed, or for the addition by others of new 

data to already published plots. However, more of the 

original data are needed to apply this procedure than 

are usually given in the literature. 

A comparison of principal coordinates analysis and 
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principal components analysis is useful for a clearer 

understanding of both methods. The most basic point of 

contrast is that principal component scores are 

computed by multiplying the original coordinates or 

measurements (or some transform of the original data 

such as the mean-centered data matrix B, or the 

standardized data, C) by coefficients that are the 

elements of the eigenvectors of the m x m association 

matrix between variables scaled to have length 1,0. In 

contrast, principal coordinate scores are determined 

solely from an OTU by OTU (n x n ) association matrix, 

without the use of any original coordinates. However, 

a close relationship exists between the two methods. 

If PCORD is performed on a matrix of Pythagorean 

distances (a common association measure), then exactly 

the same coordinates and plots are obtained as if we 

had computed the principal component scores for OTUs on 

the principal axes determined from the sums-of-squares 

and cross-products matrix among variables, i.e. the 

variance-covariance matrix S multiplied by (n-1)„ 

Thus, the two methods—PCA, and PCORD on Pythagorean 

distance—used on a mean-centered data matrix give rise 

to the same set of interpoint distances, and are called 

"dual" to one another by Gower [1966a]„ Also, a PCORD 

performed on the d^j matrix formed from C is dual to 

a principal components analysis of the correlation 

matrix, R = C'C/(n-1). The use of dichotomous 

variables in the "Simple Matching Coefficient" (SMC), a 

similarity coefficient between OTUs [Sneath and 

Sokal,1973:13.2] also leads to a result dual to PCA on 

the corresponding S matrix computed from an original 

0/1 raw data matrix. As Gower points out: "Although 

conventional principal components analysis of (0/1) 

data may seem of dubious validity, it is exactly 

equivalent to assuming that the individuals are 

represented by points whose distance apart are 

proportional to" the square root of (1-SMC). 
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The dual properties of PCA and PCORD may be taken 

advantage of computationally when original data 

matrices are available. Only the smaller of the m x m 

and n x n association matrices need be computed, since 

the eigenvalues are the same. The eigenvectors of 

either may be obtained from the other [Jbreskog, 

Klovan and Reyment, 1976:110-111]. The main value of 

the principal coordinates procedure however, is not in 

these simpler dual cases, where one can make a choice 

whether to analyze the S or d^j matrix, but in those 

situations not paralleled in PCA in which the 

association matrix is computed using another similarity 

coefficient or distance measure, or in which the only 

data available is a similarity or distance matrix. In 

such analyses, PCORD is producing a representation of 

the OTUs in a multidimensional space, in which the OTUs 

are represented by points. The representation produced 

is one in which the distance between each pair of 

points is as nearly as possible proportional to the 

square root of the value of the association measure for 

that pair. If the associations cannot be completely 

represented in a Cartesian space, some of the 

eigenvalues will be negative, indicating that those 

axes have imaginary scores (with a negative variance 

along those axes). If the absolute values of such 

negative eigenvalues are small, then a large portion of 

the total interpoint associations are explained by the 

representation in a Cartesian space defined by the axes 

corresponding to the positive eigenvalues; the negative 

eigenvalues may be ignored. If, however, the absolute 

values of the negative eigenvalues are large, then the 

Cartesian or metric representation of the initial 

associations is a distorted summary and will therefore 

probably not be informative. 

The directions of the principal coordinate axes are 

such that the distances between the projections of 

points onto the first axis make the single largest 
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contribution to the total of the interpoint distances, 

those onto the second axis the second largest 

contribution, and so forth. Thus, if the original 

associations are well represented by the final 

distances, a relative large amount of information about 

the associations between the OTUs is summarized in 

plots of the first few principal coordinates. 

Principal coordinates analysis may also be used 

where comparisons are impossible for some characters on 

some OTU pairs, with the result that the association 

coefficient is computed from a reduced set of variables 

for those pairs. Thus principal coordinates analysis 

has certain advantages over PCA when the initial data 

set is incomplete. In PCA, there is no single obvious 

method to fill in missing values. However, the 

computation of a PCA requires a complete data set. 

Insertion of the mean value, or zero (if the data are 

mean-centered), for missing values pulls those OTUs 

with missing values nearer to the centroid of the 

points than is indicated by the actual data for those 

OTUs. For principal coordinates, in contrast, each 

value of the association index can be computed on the 

basis of only those variables for which data are 

present for both the individuals being compared. In 

this fashion, a moderate amount of data can be missing 

from the raw data matrix, and a complete association 

matrix still be computed, without any estimation of the 

missing data being required [Rohlf, 1972]. Negative 

eigenvalues will occur more frequently in the event of 

missing data. 

Applications: 

Principal coordinates analysis is a 

dimension-reducing technique. In studies where the 

initial data are associations—either similarities or 
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distances beween pairs of OTUs—this method provides 

coordinates that can be plotted for examination and 

that summarize the information about the association 

between pairs of points in the distances between pairs 

in the new coordinate system. Tnus PCORD is an 

exploratory technique for examining the results of 

using any possible association index. (See Sneath and 

Sokal [1973:114-187] for a discussion of various 

measures of association.) 

Gower [1971] has also defined a class of similarity 

coefficients which may be computed from raw data 

matrices and which combine dichotomous 

(presence-absence or alternate states) with nominal or 

qualitative characters (e.g. colors, alternative 

enzymes) as well as quantitative characters 

(measurements on any scales). See Holmes [1975], 

Berthou, Brower, and Reyment [1975], and Cook [1977] 

for examples. A weighting coefficient and missing 

comparisons are also included in his formula. Analysis 

of data sets computed using any member of this set of 

similarity coefficients will produce eigenvalues that 

are all greater than or equal to zero when there are no 

missing data. See Dodson [1976] for an example. 

Pilbeam [1969:13] states that "By experimentation, it 

was noted that for adequate comparison between two 

individuals, they should share values for at least 

two-thirds of the variates." This was based on 28 

variables (for which the original data are given in an 

Appendix to his paper). 

Gower [1966b, 1976] has recommended that principal 

coordinates analysis be used to display between-group 

differences using Mahalanobis D" as the association 

index and as a dimension-reduction technique instead of 

the more popularly used canonical variates analysis. 

[Reyment and Banfield, 1976, is an example of such an 

application.) The difference is discussed in some 
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detail in the section on "Discriminant Analysis". 

PCORD is a metric form of multidimensional scaling 

(see the section on "Nonmetric Multidimensional 

Scaling") and may complement dendrogram-producing 

cluster analysis techniques, in that principal 

coordinates may be found for the same association 

matrix. Using PCORD one may estimate the 

dimensionality of the data, and produce plots of 

interpoint distances in a few dimensions. It is 

recommended that principal coordinates be used as a 

first step in nonmetric multidimensional scaling, to 

save time in that more costly technique (especially for 

large numbers of OTUs) [Gower, 1956a]. The results of 

applications of PCA, PCORD and nonmetric 

multidimensional scaling have been compared by Rohlf 

[1972] and Thorpe [1980], who come to rather different 

conclusions. 

The dual relationship between principal coordinates 

and principal components analysis may be taken 

advantage of when PCA is the intended analysis and m, 

the number of variables in the study, is much larger 

than n, the number of OTUs. Tne distance-squared 

matrix will occupy less computer memory. The 

eigenvectors for the PCA analysis may also be obtained. 

(This fact does not seem to be taken advantage of in 

many studies; see Jttreskog, Klovan and Reyment 

[1976:110-111] for the appropriate formulae.) 

Computational requirements: 

A symmetrical association matrix. The association 

measure should be a metric or close to one, so that 

negative eigenvalues will be small. 
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Stat is t ical  assumptions:  

Wnen t he PCORD i s  dual  to PCA, i .e .  the associat ion 
measure is  Pythagorean,  then the tests  used in PCA ar e 
equally appropriate i f  the s ta t is t ical  assumptions 
hold,  s ince the results  are equivalent .  No t ests  or  
confidence interval  procedures are appropriate for  
principal  coordinates analysis  when i t  is  used 
primari ly as  an exploratory or  ordination procedure.  

Biological  assumptions:  

The d istance or  s imilari ty measure used must  
sat isfactori ly measure the associat ion between OTUs. 
I f  different  characters  are measured on different  
scales ,  the variables should be transformed in some way 
to the same s cale or  to scale-f ree variables [Gower,  
1966a] .  The c hoice of  the association index involves 
assumptions about  the nature of  the structure of  
rela t ionships one is  looking for .  For example,  the use 
of  the Pythagorean distance squared wil l  search for  
l inear  relat ionships as  in PCA. Another example would 
be the use of  the correlat ion coefficient  between OTUs 
as  the index of  associat ion:  this  associat ion index 
wil l  emphasize ' shape '  and ignore differences in ' s ize '  
that  the distance matrix would emphasize when l inear  
dimensions form the data .  In other  words,  the effects  
of  the associat ion measure on the s tructures or  pat tern 
of  points  found should be considered in the 
interpretat ion of results .  

As a  dimension-reducing technique,  the f i rst  few 
coordinates are often the only ones looked at  in 
detai l .  This  focus requires assumptions (as in PCA) 
that  the s tructure one is  interested in is  
sat isfactori ly summarized in the f irst  few principal  
coordinates.  This  assumption can be quickly checked by 
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the computation of residuals to see if some interpoint 

distances are grossly underestimated by the first few 

principal coordinates0 A minimum spanning tree 

superimposed on the principal coordinates plot (in two 

or three) dimensions, would connect nearest points 

together in the full space, and thus also indicate 

distortions or underestimation of some distances. 

Computer packages and statistical programs: 

A FORTRAN program PCOORD is listed in Blackith and 

Reyment [1971:171-185], This program provides one form 

of Cower's index for dichotomous, qualitative and 

quantitative data. 

Mather [1976:402-406] also gives a FORTRAN program 

PCORDA similar in design to that described in Blackith 

and Reyment, and claimed by the author to be more 

efficient. 

A subroutine GOWER in NTSY3 transforms any 

association matrix to a form suitable for principal 

coordinates analysis, A wide variety of association 

matrices are available in NT3YS. 

A principal coordinates procedure may be developed 

in SAS using PROC MATRIX. 



OTHER PRINCIPAL COMPONENTS RELATED METHODS 

8 1  

Trie following two methods are related to principal 

components analysis, but are different enough to 

warrant special discussion, In each method the data 

matrix is scaled differently from a typical PCA0 The 

goals of both of these methods are reduced-dimension 

displays of points for both OTUs and variables 

simultaneously. 

Correspondence analysis: 

Correspondence analysis is a kind of principal 

components analysis on a specially scaled data matrix 

derived from tables of counts (i.e. contingency 

tables). Examples of such data arrays would be the 

numbers of fin rays for different species of fishes, or 

the abundance of m species at n localities, such as in 

ecological or biogeographical studies. The method 

combines some of the advantages of R-mode and Q-mode 

techniques (see "Factor Analysis" for definitions). 

The method has as its goal the production of loadings 

for both the OTUs and the variables on equivalent 

scales, which then may be plotted together. See Hill 

[1974] for a historical discussion and the relation of 

the method to several other methods. 

The data are converted to proportions or estimates 

of probabilities, and then scaled by a form of 

simultaneous row and column standardization. The 

scaled matrix T is used to form association matrices 

T'T and TT'; these are then analyzed by standard 

eigenvalue and eigenvector routines available in most 

PCA or factor analysis procedures. The eigenvectors of 

TT' and T'T are scaled to have the same units to permit 

plotting the loadings on one scattergram. The formulae 

for scaling and the matrix operations are given in 

JOreskog, Klovan and Reyment, [1976:107-1133. The 
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sum of the diagonal elements of the association matrix 

is related to the usual chi-squared statistic for 

independence in a contirgency tableB (If the 

hypothesis of independence is accepted then the matrix 

is nearly of rank one, and a unidimensional ordination 

will probably be sufficient for representing both OTUs 

and variables.) Stopping rules are required to 

determine the number of components to display or use, 

as in PCA and factor analysis. 

The displays obtained from the analysis are 

especially interesting because points for both OTUs and 

variables are plotted. One may then interpret 

association of variables and OTUs in useful ways 

(discussed in JBreskog, Klovan and Reyment [1976]). 

The method has been recently rediscovered and widely 

used in France, producing an extensive literature in 

French [see JBreskog, Klovan and Reyment, 1976; 

David, Campiglio and Darling, 1974], including 

applications to systematics. 

The data to be analyzed are most appropriately 

frequency data. Tables for discrete characters—fin 

rays for example, or nominal variables would lend 

themselves to this type of analysis. Hill [1974] 

discusses the application of the method to incidence 

data (presence/absence), appropriate transformations of 

continuous data, and ways of combining continuous and 

discrete data in the analysis to produce frequencies. 

As an ordination technique, correspondence analysis is 

called 'reciprocal averaging' [Hill, 1973, 1974]. The 

method has been applied to matrices of continuous 

measurements in systematic studies [for example 

Petit-Maire and Ponge, 1979]. It is not clear how the 

special scaling of the data affects the results in such 

applications, however, because it is difficult to 

understand the scaling geometrically. JBreskog, 

Klovan and Reyment [1976] call the method a special 
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form of  factor  analysis ,  but  this  is  in the context  of  
considering PCA a s  a form of  factor  analysis .  We w ish 
to avoid this  view (see discussion under "Factor  
Analysis" in METHODS).  

The method is  not  available in any of  the major 
packages.  I t  may be programmed in very few steps using 
the procedure PROC M ATRIX i n SAS which has a s imple 
cal l  to an eigenvalue and eigenvector  routine.  

Biplot :  

Biplot  i s  a graphical  display technique for  modeling 
multivariate data sets .  If  the data can be 
suff iciently well  approximated in two dimensions,  two 
coordinates are determined for  each OTU a s  well  as  for  
each variable.  Both sets  of  coordinates are plotted on 
the same b ivariate diagram. 

The d ata matrix A i s  centered by subtract ing the 
mean o f  a l l  of  the raw measurements,  i .e .  the grand 
mean,  from each observat ion to produce the matrix B*.  
One t hen f inds the f irst  two vectors  of  variable 
loadings by a  PCA of  B*'B* (a variable-by-variable 
sums-of-squares and cross-products  matrix of  the 
transformed data)  and the f i rst  two vectors  of  OTU 
loadings from a PCA of  B*B*'  (an 
individual-by-individual  sums-of-squares 3nd 
cross-products  matrix of  the transformed data) .  These 
loadings are then plot ted as scores on the same plot .  
The sum o f  the f irst  two eigenvalues (of  e i ther  
matrix—they both have the same e igenvalues)  divided by 
the t race provides a goodness-of-f i t  s tat ist ic .  A 
value of  this  s tat is t ic  near one is  considered a good 
approximation ( i t  is  >0.98 in most  of  the examples we 
have seen).  
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Gabriel [1971] explains biplot in detail, including 

its use for displaying clusters of OTUs, summarizing 

inter-OTU distances and for explaining correlations and 

variances among variables. A further discussion 

relating biplot to exploratory regression analysis is 

given in Bradu and Gabriel [1978]. References to 

discussions of weighted analysis and estimation of 

missing data using biplot are given in Bradu and Grine 

[1979]c 

Since the method is only advocated for those cases 

where a large proportion of the variance is explained 

by the first two eigenvalues, the use of biplot is 

appropriate for those situations where the researcher 

would feel that a bivariate plot, say of principal 

component scores, would summarize a great deal of the 

structure or relevant patterns in the data. The method 

can, however, clearly be extended to produce three or 

four axes with coordinates for both individuals and 

variables, but then one loses the advantage of an 

easily plotted summary. The main difference between 

biplot and two-component PCA is that the data are 

centered on the grand mean, and that the Q-mode 

loadings and the R-mode loadings are plotted on the 

same diagram. An equivalent way of describing the 

method is to think of it as a plot of the principal 

component scores, scaled to have variance equal to the 

eigenvalues, and the principal component loadings on 

the same diagram. Note that it is possible and useful, 

if there are not too many variables, to plot vectors 

corresponding to the original variables on any PCA plot 

of scoreso 

Bradu and Grine [1979] applied tne biplot method to 

measurements of mammal-like reptile skulls. They 

present measurements for 30 variables on 26 skulls 

(including 7 holotypes) assigned to 14 species 

contained in 4 genera. 154 or 19.7$ of the 
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measurements are missing, a not atypical situation in 

vertebrate paleontology. Only 3 specimens had complete 

suites of all 30 measurements available. A two-step 

biplot was fit. The missing values were estimated and 

then the full data matrix was analyzed. Raw data and 

log-transformed data were both examined. The relations 

between the variables could be explained by an 

isometric model (see section on "Size and Shape" in 

PURPOSES). 

Computations can be performed in packages allowing 

the proper centering. A PCA c an then be run on the 

specially scaled data matrix; the scores and loadings 

may then be plotted simultaneously. This should be 

possible in NTSYS, BMDP and SAS. A program is 

available from Gabriel [see Bradu and Grine, 19793. 
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NONMETRIC M ULTIDIMENSIONAL S CALING 

The term mult idimensional  scaling refers  to a 
variety of  techniques,  a l l  of  which produce 
dissimilari ty/distance values in a few d imensions,  
making the s tructure or  information in the matrix more 
obvious to the human o bserver.  This  is  done largely by 
f inding,  for  a matrix of  proximity values between OTUs, 
an arrangement or  a  "plot"  of  points  (each point  
representing an OTU) in a  space of  a  few d imensions,  
and thus summarizing the s tructure in the original  
data.  (Tnis goal—dimension reduct ion—is discussed 
more extensively in the subsequent  sect ion reviewing 
purposes of  analyses.)  The arrangement of  points,  or  
the se t  of  coordinates which describe that  arrangement 
of  the points  in the space,  is  cal led the configurat ion 
for  that  analysis .  The defini t ion of mult idimensional  
scaling is  broad enough that  i t  can be considered to 
include principal  components and principal  coordinates 
analyses.  

A con figurat ion is  sought in this  lower dimensional  
space that  optimizes some s tated relat ionship,  
d = f (g),  between the original  associat ions ( the 
g — ' s  between a l l  pairs  of  points  i  and j) ,  and the 
distances (d^j 's)  in the configuration.  The goodness 
of  f i t  of  the djj ' s  to the gj j ' s  is  est imated by a  
measure of  s tress .  If  the relat ionship between the 
original  associat ions and the distances between the 
points  in the configurat ion depends on the numerical  or  
metric  propert ies  of  the g 's ,  the form of 
mult idimensional  scaling that  searches for  the 
configurat ion optimizing that  relat ionship is  a form of 
metric  mult idimensional  scal ing.  I f ,  however,  the 
re lat ionship between g and d depends only on the 
relat ive ranks of  the original  associat ions,  gj j ' s» 
the method is  nonmetric  mult idimensional  scaling 
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(NMDS).  I t  is  specifical ly this  lat ter  form of the 
method that  is  very often considered under the heading 
of  "mult idimensional  scal ing."  [See Gnanadesikan,  
1977:26-48,  as  well  as  Kruskal  and Wish,  1978,  for  good 
introductions to NMD3.]  

Some da ta gathered by s ystematists  are already in 
the form of  proximity values,  such as strength of  
immunological  response or  the degree of  DNA 
hybridizat ion.  Many data,  however,  are direct  
measurements on the OTUs individually,  and unsuitable 
for  NMDS i n  that  form. A prox imity matrix can be 
generated from such data by the calculat ion of any of  a  
number of  s imilari ty coefficients  or  distance measures,  
such as  the correlat ion coeff icients  between OTUs or  
the Euclidean distance between OTUs in  the 
n-dimensional  character  space,  to name just  two common 
ones.  (See Sneath and Sokal  [1973:116-1493 and 
Hart igan [19753 for  discussion and references to 
s imilari ty coeff icients  and distance measures.)  

Next  is  chosen the number of  dimensions,  r ,  in which 
the result ing configurat ion is  to be found.  Usually,  a  
series of  analyses is  made in 1,  2,  3.  etc.  dimensions,  
and the 'best '  result  chosen on the basis  of  a  
compromise between interpretabil i ty and good f i t .  
(This wil l  be discussed in more d eta i l  la ter .)  I t  is  
important  to note,  however,  that  lower dimensional  
solut ions are not  merely project ions of  higher 
dimensional  solut ions.  That  is ,  the arrangement of  the 
points  relat ive to each other  wil l  not  necessari ly be 
the same i n solut ions of  different  dimensional i ty.  
Thus the choice of  dimensional i ty in which the solut ion 
is  sought wil l  affect  the f inal  configurat ion.  
Further,  the orientat ion of the axes themselves in any 
given solut ion is  enti rely arbi trary;  there is  no 
reason to expect  the axes themselves to be 
interpretable direct ions .  The c onfigurat ion of points  
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in a low-dimensional  space is  the goal .  
c 

NMDS s tar ts  with an init ial  configuration,  e i ther  
randomly chosen or ,  preferably,  obtained from ei ther  a 
previous solut ion in r-1 dimensions or  a principal  
coordinates solut ion for  r  dimensions.  All  
computat ional  methods are i terat ive,  moving the points  
relat ive to each other  so that  s tress is  reduced ( that  
i s ,  the correspondence between the d^j  and the g^j  
is  increased),  and repeat ing this  operation unti l  
s t ress does not  decrease further .  Because i t  is  
possible to reach local  optima (as discussed in the 
INTRODUCTION—see page 45),  and also because one wishes 
to minimize the number of  i terat ions to save computing 
t ime,  s tar t ing configurations are preferred that  are 
l ikely to be in the neighborhood of  the global  optimum, 
such as  the pr incipal  coordinates solut ion.  

The correspondence between the original  proximit ies  
and the dis tances in a configuration obtained from NMDS 
is  usefully examined in a scat ter  plot  often termed a  
Shepard diagram. The d ^ 's  are plotted against  the 
g^ 's ,  so that  each point  represents  a pair-wise 
comparison.  If  the configuration well  represents  the 
ini t ia l  proximity values,  the points  wil l  fal l  along a 
monotonically increasing or  decreasing l ine (reflect ing 
whether the proximity values g were s imilari t ies  or  
distances) ,  and the s tress wil l  be zero.  Incongruences 
are evident  as  deviat ions from this  monotone funct ion.  

I 
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Any of  a  number of  measures of  s t ress may be used 
One o f  the most  common measures is  that  given by 
Kruskal  C1964a:93:  

S = u  -  d i j v  

£-?j  C 
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where d.  ,  = fCg — ) .  For a  monotonic function,  * 1J •'•J 
the d-^ would be values that  preserved 
monotonici ty,  as  shown in the f igure to the r ighto 
Thus,  s t ress is  measuring how f ar  the configurat ion is  
from one that  preserves monotonici ty completely,  and 
therefore is  an indicator  of  how w ell  the data are 
represented by the given configurat ion in the chosen 
number of  dimensions.  The value of  s tress obtained for  
the optimal configuration in a given dimensionali ty 
wil l  decrease as  one increases the number of  dimensions 
for  which a solut ion is  found.  An exception to this  
pat tern indicates that  a local  optimum has been 
encountered,  or  that  computat ion stopped before the 
i terat ive procedure converged to an optimum [see 
Kruskal  and Wish,  1978:28,50]„ 

The optimu m number of  dimensions is  determined on 
the basis  of  several  cri ter ia .  While s t ress wil l  
continue to decline with increasing dimensions,  a  
noticeable change in the rate of  decline often occurs;  
such an inflect ion point  indicates the optimum 
dimensionali ty [Kruskal  and Wish,  1978:53-56].  Clearly 
a 2-  or  at  most  a  3-dimensional  solut ion is  great ly 
preferrable since i t  can be easi ly comprehended.  
However,  i f  more than 3 dimensions are required to 
adequately summarize the associations in the proximity 
matrix,  the configuration may be subsequently rotated 
or new axes found for display, to produce 2- or 
3-dimensional  plots  for  display.  PCORD on the d^j  or  
PCA on the coordinates in the f inal  configurat ion wil l  
produce the principal  components of  the configurat ion,  
so that  the direct ions of  maximum d ispersion may be 
examined.  

Another factor  often ci ted as a cri terion for  
choosing the dimensionali ty is  the s tabi l i ty of  the 
configuration.  Kruskal  and Wish [1978:3*1] give rules 
of  thumb about  the number of  dimensions that  can be 
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expected to give reasonably s table results  (over 
repeated samples)  given various sample s izes.  If  the 
goal  includes making inferences about  a populat ion 
based on a  sample of  individuals ,  then one needs 
suff icient  gj j 's  o r  pairs  of  points  to provide 
information about  direct ions of  interest  or  t rends 
within the populat ion.  See Kruskal  and Wish's  
discussion,  and references ci ted therein.  In contras t ,  
systematic applicat ions frequently involve a need to 
summarize the data for  only the given OTUs in fewer 
dimensions,  and do not  involve inferences about  a  
larger  stat ist ical  populat ion.  In that  case,  sample 
s ize is  not  a  problem since the entire  universe has 
been sampled.  An example might  be NMDS on the 
distances between centroids of  8 species when a l l  the 
species of  interest  have been sampled.  The c hoice of  
dimensionali ty is  discussed further  in Kruskal  and Wish 
[19783 and in references ci ted therein.  

A po int  which is  worth emphasizing is  that  there are 
many co mputat ional  procedures to compute solut ions in 
NMDS as  well  as  the variet ies  of  metric  
mult idimensional  scal ing.  Some of  this  variat ion is  in 
the measure of  s tress.  Therefore,  some clear  statement 
of  the computat ional  procedures,  a t  least  the measure 
of  s t ress employed,  i s  usually necessary in report ing 
the results  of  NMDS. (A s l ightly technical  review of 
methods and programs is  available in Kruskal  [19773.)  

Tne results  of  NMDS hav e been compared with those of  
PCA and PCORD. The f i rs t  set  of  s tudies ,  by Rohlf  
[1970,  19723,  provide a  useful  comparison of  these 
three ordination techniques.  Rohlf  [1972:2793 has been 
subsequently ci ted in appl icat ions as  support  for  a  
preference for  NMDS ove r PCA and PCORD, and did indeed 
provide some useful  recommendations;  however,  the 
statement that  distances between near individuals  or  
OTUs are shown more accurately in NMDS i s  incorrect .  
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As i l lustrated in Rohlf  [1970:Fig„9],  small  d istances 
appear to be represented more precisely by NMDS, but  
are ,  on the average,  underest imated about  the same 
amount as  by PCA. The est imated distances in PCA ( i .e .  
in a space of  reduced dimensions)  are of  course always 
less  than the original  dis tances.  In NMDS, there is  no 
such constraint  on the direct ion of error;  Rohlf 's  
example shows an overest imation of  the larger  
distances.  This ,  combined with the underest imation of  
the smaller  distances,  results  in an exaggeration of  
the relat ive s ize of  dis tances within the NMDS 
configurat ion.  However,  i t  is  s t i l l  true that  NMDS 
provides a more accurate representat ion of the rank 
order of  the smaller  dis tances between points,  as  
i l lustrated by Rohlf 's  f igure,  in that  there is  less 
variat ion in values of  d— for a  given value of  g in 
NMDS th an in PCA. (NMDS i s  providing metric  
information only in that  one obtains coordinates in 
Cartesian space from proximity values;  i t  is  not  metric  
in the sense that  the actual  sizes of  the d^ in the 
configuration have any real  meaning in themselves.)  

In contrast  to Rohlf 's  recommendations,  Thorpe 
[1980] f inds NMDS l ess  sat isfactory than PCA or  PCORD 
for  representing the structure in a geographic 
variat ion study within one species.  He suggests ,  in 
agreement with A. J. B. Anderson C1971:43, that NMDS 
may n ot  show st ructure sat isfactori ly when there are 
out l iers  or  major aggregations.  Kruskal  and Wish 
[1978:29-30] discuss the recognit ion of  c lustering from 
the Shepard diagram. 

Applicat ions:  

The value of  nonmetric  mult idimensional  scaling l ies  
in the production of  low dimensional  representat ions of  
associat ion data without  the constraint  that  the 
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represented relat ionships be l inear,  or  that  one have 
fai th in the metric  values of  the original  data or  
associat ions.  For example.  Fix and Lie-Injo [1975] 
choose NMDS be cause they have substantial  fai th in the 
accuracy of  the rank order of  their  data ,  but  less  
faith in the accuracy of  the actual  metric  values.  

NMDS i s  a useful  ordination technique in 
applicat ions in which one is  not  concerned that  the 
distances between points  be in correct  proport ion to 
each other  but  only that  the rank order of  the 
distances be maximally preserved—that  is ,  that  the 
relat ive sizes ("greater  than" or  " less than")  be 
correct ly shown. See discussion and references above.  
Thus NMDS p rovides a geometric  summary o f  the relat ive 
nearness of  OTUs, but  is  not  a  good method for  looking 
for  large or  dist inct  clusters .  [See Anderson,  A. J .  
B.  ,  1971,  Skeel  and Carbyn,  1977,  and Thorpe,  1930,  for  
examples and applicat ions.]  

Moss,  Peterson and Atyeo [1977] provide an example 
of  the use of  NMDS i n  concert  with metric  ordination 
techniques,  in this  case PGA. The 3 -dimensional  
representat ion from a PGA was used as  the ini t ial  
configuration,  NMDS was done on taxonomic dis tances 
between OTUs, and then PGA was do ne on the NMDS 
configurat ion ( in the space of  reduced dimensionali ty)  
in order to al ign the axes along the major t rends of  
variat ion.  Dren.nan [1976] carries  the point  about  
^determinancy of  the specif ic  direct ions of  the axes 
one s tep further:  not  only are the NMDS ax es 
meaningless,  but  one need not  even be restr icted to a 
l inear  direct ion.  Drennan f inds that  his  archeological  
s i tes  order chronological ly along a horseshoe-shaped 
curve„ along which he can subsequently place undated 
s i tes .  
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Computat ional  requirements:  

None,  beyond choice of  an associat ion measure if  the 
original  data are not  associat ions.  

Sta t is t ical  assumptions:  

If  one is  general izing from one's  sample to a 
populat ion,  then random sampling is  required.  
Stat is t ical  approaches are s t i l l  being developed for  
this  method.  Kruskal  and Wish [1978:89-92] review 
s tatis t ical  methods (based on Monte Carlo s tudies)  for  
determining the appropriate number of  dimensions.  At 
present ,  the s ta t is t ical  approaches are l imited in the 
range of  s i tuat ions in which they are applicable.  

Biological  assumptions:  

The l ack of  s tructural  assumptions in this  method 
al lows an exploratory use of  NMD3 rem arkably free from 
biological  assumptions.  In any specific  
interpretat ion,  the factors  invoked to explain the 
configuration would be assumed to have been measured in 
some fashion by the original  associat ion measure.  

Stat is t ical  packages and computer  programs: 

NTSYS ha s a widely used mult idimensional  scal ing 
program. Other programs are referenced in Kruskal  and 
Wish [1978] and Gnanadesikan [1977].  In some releases,  
SAS h as a  NMDS r outine similar  to ALSCAL [Kruskal  and 
Wish,  1978:79].  



FACTOR AN ALYSIS 
NEFF and MARCUS, 1980 

Factor  analysis  is  a mult ivariate technique used to 
describe a set  of  observed variables as  a function of  a 
se t  of  hypothetical  variables cal led factors.  The 
technique originated in the at tempt to f ind the factor  
(or  factors)  of  " inte l l igence" using bat ter ies  of  
so-called " intel l igence" tests  and their  scores as  
measured variables,  Ideal ly al l  of  the correlat ion or 
l inear  relat ionships among the measured variables 
should be explained by rela t ively few such factors .  
These factors,  cal led common f actors,  account  for  the 
correlat ions and also account for  a  port ion of  the 
variance of  each variable.  The remaining var iabil i ty 
is  at t r ibuted to sources of  variat ion unique to a given 
variable and random error  or  measurement error .  The 
amount of  each variable 's  variance explained by (or  
accounted for  by) the common factors  is  called the 
communali ty for  that  variable,  while the variance 
unique to each variable is  cal led the uniqueness.  

The g oal  of  factor  analysis  is  to explain the common 
variances or  the correlat ions,  in a number of  factors  
r ,  less  than the number of  variables measured,  m. The 
factor  analysis  model  may be s tated as:  

C = FE'  + V {1} 

Here C i s  the n x m da ta matrix,  mean-centered and 
s tandardized by variables,  C m ay be expressed as the 
product  of  factor  scores F and coeff icients  or  factor  
loadings E ? ,  plus a matrix V of  "unique" 
values—"residuals" or  "errors".  The factor  scores F 
are values ("measurements")  of  the hypothetical  
variables (factors)  for  each individual.  Tne factor  
s c o r e s  m a t r i x  c o n t a i n s  f e w e r  c o l u m n s  t h a n  C :  i . e . ,  
there are fewer factors  than original  variables.  E'  
(or  i ts  transpose,  E) is  the matrix of  coeff icients  or  
factor  loadings by which F is  weighted to explain the 
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common parts  of  the variables in C, V i s  an n x m 
matrix of  unique values which are due to the unique 
factor  for  each original  variable ( including random 
error) ,  and therefore are not  explained by the common 
factors;  the unique factors  are uncorrelated with the 
common factors.  Both the factor  scores F and the 
factor  loadings E must  be est imated from the original  
data C. 

Factor  analysis  begins with the production of  an 
associat ion matrix such as  the correlat ion matrix or  
variance-covariance matrix.  In order to avoid problems 
of  scale ,  i t  is  usually the correlat ion matrix R which 
is  factored;  al l  of  the variables are then scale free.  
The factor  model ,  given in {1} in terms of  the scores 
on the original  variables and scores on the result ing 
factors ,  may a lso be s tated as:  

R = EQE* + U {2} 

Q i s  the matrix of  covariances among the factors,  e .g.  
Q=F'F.  E i s ,  as above in equation {1},  the matrix of  
factor  loadings or  factor  pat tern matrix,  and U i s  the 
matrix of  uniquenesses.  When the factors  themselves 
are uncorrelated ( i .e .  orthogonal) ,  Q i s  the identi ty 
matrix,  with off-diagonal  elements equal  to zero.  The 
vectors  of  factor  loadings are usually scaled to have 
length equal  to the square root  of  the corresponding 
eigenvalue.  The result ing factors  have a variance of  
one,  so the diagonal  of  Q co nsists  of  ones when this  
scal ing is  employed.  The matrix U i s  defined to be a  
diagonal  matrix;  the unique part  of  each variable is  
uncorrelated with the unique part  of  a l l  other  
variables .  The factor  structure is  the matrix of  
correlat ions between the original  variables and the 
factors ,  and is  the product  EQ. 

Without  further  restr ict ions in the model ,  there is  
a built - in indeterminancy.  Infini te  sets  of  r  factors  
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can be found which explain the correlat ions equally 
well .  These sets  of  factors  correspond to different  
rotat ions of  the factors.  Therefore,  additional  
cr i ter ia  have to be found to choose the specif ic  
solut ion or  rota t ion for  interpretat ion.  The most  
common choice is  to rota te to f ind some form of s imple 
s tructure.  Two kinds of  rotat ions are considered:  1)  
r igid or  orthogonal  rotat ions where the factors  remain 
uncorrelated;  and 2)  nonrigid or  oblique rotat ions 
where the factors  are correlated.  For orthogonal  
solut ions,  the factor  pat tern and the factor  s t ructure 
matrices are identical  s ince Q i s  the identi ty matrix .  
However,  in  oblique factor  solut ions Q i s  not  the 
identi ty matrix.  In that  case,  the elements of  the 
factor  pat tern matrix E a re not  correlat ion 
coeff icients ,  but  may s t i l l  be viewed as regression 
coeff icients  of  the observed variables on the factors  
[Kim and Mueller ,  1978b; JGreskog,  Klovan and 
Reyment,  1976:61].  

Thurstone 's  cr i ter ia  for  simple s tructure are most  
often ci ted [Thurstone,  1947;  Kim and Mueller ,  
1978b:30-32;  Mulaik,  1972:219-221 and Rummel,  
1970:380].  His suggest ion was to rotate the original  
orthogonal  factors  to a configurat ion in which the new 
factors  (no longer necessari ly or thogonal)  each have 
zero loadings for  many variables,  and each variable 
requires fewer than the total  number of  factors  to 
explain i ts  common variance.  Mulaik [1972:221-224] 
gives a geometric  descript ion of  s imple s tructure.  In 
general ,  the goal  of  ro tat ion is  usually to f ind 
factors  which are related to clusters  of  interdependent  
variables.  The s implest  possible s tructure occurs if  
each variable has nonzero loadings on only one common 
factor ,  but  this  is  very unlikely for  real  data.  
Various orthogonal  rotat ions are available that  provide 
for  some aspects  of  simple s tructure.  Examples o f  
or thogonal  rota t ion techniques are Varimax,  Quart imax,  



-Factor  Analysis-

Equamax,  e tc.  [Kim and Mueller ,  1978b:34-37;  Rummel,  
1970:422;  Mulaik,  1972:Chapter  10].  Oblique simple 
s tructure rotat ions are also available [Kim and 
Mueller ,  1978b:37-41;  Rummel,  1970:390;  Mulaik,  
1972:Chapter  11],  

Tne fol lowing ar t i f icial  example wil l  show the effect  
of  rota t ion on interpretat ion,  The numbers a re from 
Jbreskog,  Klovan and Reyment [1976:62-67] but  the 
example i s  cast  in a different  biological  framework.  
The c omputat ions were checked using PROC FA CTOR in 
SAS79o 

Below i n Table 1 is  given a correlat ion matrix R fo r  
s ix morphological  variables,  presumably obtained from a 
large sample of  organisms.  Variables 1,  2,  and 6 are 
from morphological  complex I  and 3,  4,  and 5 from 

TABLE 1 :  x 1 x2 x3 x4 x5 x6 
x 1 1.000 0.720 0.378 0.324 0.270 0.270 
x2 0,720 1.000 0.336 0.288 0.240 0.240 

x3 0.378 0.336 1.000 0.420 0.350 0.126 
x4 0,324 0.288 0.420 1.000 0.300 0.108 
x5 0,270 0.240 0.350 0.300 1.000 0.090 
x6 0.270 0.240 0.126 0.108 0.090 1.000 

morphological  complex I I .  Note that  some correlat ions 
are quite  low, and the number of  common factors  is  not  
obvious.  A m aximum l ikelihood factor  analysis  yields 
the fol lowing matrix of  factor  loadings E ( the pat tern 
matrix)  and the associated communali t ies  and 
uniquenesses (Table 2)0  Note that  the communali t ies  
are the sums o f  squares of  the rows of  the pat tern 
matrix,  and that  the communali t ies  and the uniquenesses 
sum to one for  each variable.  The two orthogonal  
factors  completely recover a l l  of  the correlat ions.  
Any c orrela t ion coeff icient  between any two variables 
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TABLE 2:  Factor  Pattern Matrix 
Factor  1 Factor  2 Communali t ies  Uniquenesses 

v 

X1 0.839 -0.138 0.81 0.19 
x2 0.791 -0.122 0.64 0.36 
x3 0.501 0.489 0.49 0.51 
x4 0.429 0.419 0.36 0.64 
x5 0.353 0.349 0.25 0.75 
x6 0.295 -0.046 0.09 0.91 

Variance 
explained 2.067 0.573 2.64 3.36 

% Trace R 34.4 9.6 45.0 55.0 
% Trace (R-U) 76.4 23.6 100.0 — 

may be obtained by taking the inner product  of  the 
corresponding rows of  the factor  pat tern or  loading 
matrix E.  Eor example,  the correlat ion between 
variables x2 and x3,  i s  0.791x0.501 
+ (-0o122)x0.489=0.337 (a sl ight  round off-error) .  Thus 
the correlat ions in this  ar t if ic ial ly constructed 
example are completely accounted for  by two factors .  
The f i rs t  factor  appears to be a "size" factor  s ince 
al l  of  the loadings have the same s ign,  though there 
are numerical  differences among them. The second 
factor  might  be interpreted as a "shape" factor ,  
contrast ing the two complexes.  

An orthogonal  rotat ion,  one of  many p ossible,  of  
about  9° produces new o rthogonal  factors  and makes 
al l  loadings posi t ive,  as  shown in Table 3.  The 
communali t ies  and uniquenesses are lef t  unchanged by 
the rotat ion.  The correla t ions are s t i l l  recoverable 
from the two factors  by the same m ult ipl icat ion 
process.  The two factors  might  be interpreted as a 
"size" factor  and a  morphological  complex II  factor.  

Next we wil l  rotate the factors  to an oblique 
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TABLE 3:  Factor  Pattern Matrix 
Factor  1 Factor  2 Communali t ies  Uniquenesses 

x1 0.90 0 0.81 0.19 

x2 0.80 0 0.64 0.36 

x3 0.42 0.56 0.49 0.51 

x4 0.36 0.48 0.36 0.64 

x5 0.30 0.40 0.25 0.75 

x6 0.30 0 0.09 0.91 
Variance 

explained 1.94 0.70 2.64 3.36 
% Trace R 32 12 44 56 
% Trace (R-U) 72.7 27.3 100 -

representat ion.  This produces the pat tern matrix in 
Table 4 .  (This  result  was reproduced using option 
PRO,MAX in  SAS79 PROC FA CTOR.) Tne elements of  the 
factor  pat tern matrix E+  are no longer correlat ions 
between the factors  and the original  variables,  i .e . ,  
no longer equal  to elements of  the factor  s tructure 
matrix,  as  they were for  factor  pat tern matrices E and 
E*.  The l a t ter  were equal  to the corresponding factor  
s tructure matrices s ince those solut ions were 
or thogonal .  The communali tes  and uniquenesses are 
st i l l  the same.  The factor  s tructure matrix (given in 
JBreskog,  Klovan and Reyment [1976:65])  is  obtained 
by m ult iplying the pat tern matrix by the matrix of  
correlat ions between the factors.  The c orrelat ion 
between these two factors  is  0.69 and corresponds to an 
angle of  about  53° between the axes.  

The o riginal  correlat ions among variables may s t i l l  
be recovered,  but  now from the product  of  the factor  
pat tern and factor  s tructure matrices,  or  from ei ther  
m a t r i x  a n d  t h e  c o r r e l a t i o n s  b e t w e e n  f a c t o r s  ( m a t r i x  Q ) .  
The variance has been part i t ioned much more equably 
over the the two factors  than in the arbi trary r igid 
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TABLE 4:  Factor  Pattern Matrix 
Factor  1 Factor  2 

— E+  

X1 0.90 
x2 0.80 
x3 0 
x4 0 
x5 0 
x6 0.30 

Variance 
explained 1.54 

% Trace R 26 

Communali t ies  Uniquenesses 

% Trace (R-U) 59.1 

0 0.81 0.19 
0 0.64 0.36 
0.70 0.49 0.51 
0.60 0.36 0.64 
0.50 0.25 0.75 
0 0.09 0.91 

1.10 2.64 3.36 
18 44 56 
40.9 100 -

rotat ion of the orthogonal  factors.  Simple s tructure 
solut ions obtained from both r igid and oblique rota t ion 
procedures frequent ly have this  property.  

The two complexes have been completely resolved into 
two separate but  correlated factors.  This  ar t i f icial  
example i l lustrates that  more than one interpretat ion 
is  possible ,  and perhaps desirable for  the same d ata.  
A "s ize" component  ma y be broken up by oblique 
rotat ions which reveal  interdependent  c lusters  of  
variables.  

ho 4-

I t  is  instruct ive to plot  the factor  pat tern for  
each of  the above steps;  in such a p lot  the factor  
loadings for  each variable are plot ted on axes 
corresponding to the two factors ,  such that  each point  
represents  a variable.  In the f irst  f igure,  where the 
original  maximum l ikel ihood solut ion is  given,  a l l  
variables have posi t ive project ions on factor  axis  one,  
which represents  the dominant  factor.  The r igid 
orthogonal  rotat ion represented by the second f igure 
produces zero loadings on the second factor  axis  for  
the variables of  complex I ;  the second factor  axis  is  
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now i n the direct ion of the variables in complex II .  
The third f igure,  which has axes at  an angle of  53° 
(corresponding to the angle whose cosine is  0.60,  the 
correlat ion between the factors) ,  has the two factor  
axes coincident  with the vectors representing the 
variables in the respective complexes.  The lengths of  
the project ions on the two factor  axes in f igure 3 are 
then just  the square root  of  the communali t ies  for  the 
respective variables.  

c\i 

£  u •X; 
•x, 

X, 

* 
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This example was c onstructed primari ly to 
demonstrate the effects  of  rotat ion.  Kim and Mueller  
[1978a:51-593 give a s imilar  example in more d etai l .  
Real  data wil l  rarely give such perfect  resul ts :  1)  
with real  data ,  a  s topping rule wil l  have to be 
determined for  the number of  factors,  2)  there wil l  be 
a  residual  matrix containing variat ion not  expla ined by 
the model ,  and 3)  the loadings wil l  not  a l l  be posi t ive 
or  zero,  but  instead will  have a range of  values 
depending on the "separateness" of  the clusters  of  the 
variables explained by the factors .  Even more 
interest ing was the effect  of  the choice of  analyt ic  
procedure on the results .  The results  given above were 
not  obtained when we used ei ther  non-i terated or  
i terated principal  factor  analysis—two of the more 
popular  procedures in use.  The quest ion might  then be 
raised,  is  one type of  factor  analysis  more l ikely to 
give you t he "r ight" answer than another? Asked in 
this  general  way,  this  quest ion does not  seem to us to 
be answerable (al though some s tudies,  e .g .  Fisher 
[19733,  have at tempted to answer i t ) ;  the "r ight" method 
depends on the problem. The var iet ies  of  factor  
analysis  differ  in their  cri teria  for  f inding s tructure 
in the data,  and therefore differ  in what  they are 
looking for  and what  they are l ikely to f ind.  Thus a  
clear  understanding of  what  each method is  doing is  
desirable ,  to al low a proper match between problem, 
method,  and interpretat ion.  In factor  analysis ,  this  
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understanding is  diff icult  for  most  nonspecial is ts  to 
achieve because of  the complexity and diversi ty of  
factor  analyt ic  methods.  

Part  of  the complexity of  factor  analysis  ar ises 
from the diversi ty of  options available at  each step,  
and the prol i ferat ion of names for  the variants  of  the 
method.  Firs t ,  there are a variety of  ways to  
ini t ial ly est imate the communali t ies  to be placed along 
the diagonal  of  the correlat ion matrix.  After  this  
ini t ial  choice of  communali t ies ,  the factors  themselves 
may be extracted using a variety of  methods.  In 
non-iterat ive principal  factor  analysis  (PFA),  the 
in i t ia l  values for  the communali t ies  remain unchanged.  
The results  of  PFA w il l  therefore be dependent  on the 
ini t ial  method of  es t imating communal i t ies;  dif ferent  
est imates wil l  produce different  resul ts.  In contras t ,  
i terat ive principal  factor  analysis ,  PFA(iter)  or  
MINRES of  some authors,  uses a s tar t ing est imate for  
the communal i t ies  as  in PFA, but  then re-est imates them 
from the factor  loadings obtained in the analysis.  The 
new e st imates for  the communali t ies  are subst i tuted for  
the diagonals  of  R and new l oadings are computed.  This  
is  repeated unti l  the solut ion is  stable.  Other factor  
analyt ic  procedures wil l  produce different  f inal  
est imates for  the communali t ies .  Tne d ifferences among 
the various factor  analyt ic  methods wil l  result  in 
differences in the factor  loadings and scores produced 
by the various methods.  The number of  factors  depends 
on the choice of  any one of  a variety of  s topping 
rules .  And af ter  the set  of  factors  is  obtained there 
remain the options associated with rotat ion;  oblique 
vs.  orthogonal ,  and the cr i teria  for  choosing a 
part icular  rotat ion.  

These options are surveyed well  in the l i terature,  
briefly by Kim and Mueller  C1963b] and in more d etail  
by Cattel l  C1965a ,b3 and texts  such as  Rummel [1970],  
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Harman [ 19671,  and the l ike,  Indeed,  many books have 
been devoted entirely to extensive discussions of  
factor  analysis:  the reader is  directed to some of  
them for  a  more c omplete discussion than is  possible in 
the short  introduction presented here.  An excellent  
place to star t  is  with the two small  paperbacks by Kim 
and Mueller  [1978a,b] ,  which include a clear  glossary,  
examples of  "setups" for  factor  analysis  using SPSS, 
BMDP and SAS, and a  useful  bibl iography.  Another 
introductory paperback,  with a geologic and 
paleontologic emphasis ,  i s  by JBreskog,  Klovan and 
Reyment [1976] ,  A go od more comprehensive book is  
Rummel [19701.  Kim and Mueller  [1978a,bl  suggest  other  
books of  varying levels  of  diff iculty.  

I t  is  worthwhile to contrast  factor  analysis  with 
principal  components analysis  s ince there is  much 
confusion and disagreement about  the differences.  

1)  Both the factor  analysis  model  and the PCA model  
may be wri t ten as equations (1)  or  {2} above.  In 
factor  analysis ,  matrix U i s  defined to be diagonal  
(unique variances on the diagonal  and zero 
off-diagonals)  and is  of  ful l  rank;  in PCA U i s  the 
residual  matrix after  removing r  components and 
therefore has rank less  than or  equal  to (m-r) .  In 
factor  analysis ,  the matrix for  which factors  are found 
is  R-U, the correlat ion matrix minus the matrix of  
uniquenesses,  leaving the communali t ies  in the 
diagonal .  Thus o nly the common variance is  explained 
by the factors .  In principal  components analysis  the 
diagonal  elements of  R ( or  S) remain unal tered;  thus 
the total  variance and covariance in the data set  is  
being explained by the principal  components.  

2)  The goal  of  factor  analysis  is  to f ind a 
parsimonious explanat ion for  the correlat ions in a 
larger  set  of  variables using a small  set  of  factors;  
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added cr i ter ia  must  be given to determine 
communali t ies ,  f ind the number of  factors ,  and rotate 
to the most  interpretable solut ion out  of  an inf ini te  
number of  solut ions.  A fa ctor  analysis  solut ion 
produces correlated factors  if  oblique rota t ion is  
used.  In contras t ,  the goal  of  PCA i s  not  necessari ly 
to explain correlat ions among the original  variables 
using a reduced se t  of  axes,  but  more of ten is  to 
summarize the maximum amou nt of  the variance contained 
in the original  data using a reduced set  of  new 
orthogonal  axes.  Thus,  the purpose of  a  PCA i s  usually 
to produce a  space of  reduced dimensional i ty.  The 
pr incipal  components are a unique solut ion defined in 
terms of  the proport ion of  total  variance determined in 
the components displayed or  reta ined.  Principal  
components are always uncorrelated and orthogonal  by 
defini t ion because they correspond to principal  axes of  
el l ipsoids defined from the data.  

3)  Solut ions from factor  analyses are almost  always 
rotated to simple s tructure using addit ional  cri ter ia .  
While the principal  components solut ion may be rotated 
(and is  by some pract i t ioners) ,  this  destroys the 
ordered variance explanat ion property of  the 
components,  and they are therefore no longer principal  
components.  

4)  Principal  component  scores (matr ix Z) are simply 
computed by mult iplying the mean-centered or  
s tandardized data matrix,  B or  C, by the eigenvectors 
of  S or  R re spectively.  Factor  scores (matrix F) must  
be est imated from the data and cannot  be computed 
direct ly .  Least  squares regression is  frequently used 
[ .JSreskog,  Klovan and Reyment,  1976:  142-144;  Rummel,  
1970:Chapter  193.  However,  other  cr i ter ia  are 
available [Kim and Mueller ,  1978b:60—73; Mulaik,  1972:  
Chapter  133.  
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5)  While both factor  analysis  and PCA m ay be done on 
any symmmetric association matrix,  factor  analysis  is  
almost  always done on a correlat ion matrix.  In 
contrast ,  PCA i s  quite  of ten done on a 
variance-covariance matrix as well  as  the correlat ion 
matrix (however see Stat ist ical  assumptions) .  This  
historical  division may h elp one understand some of  the 
contradictory defini t ions for  pr incipal  factor  analysis  
versus principal  components analysis .  Van de Geer 
[1971:1373,  for  example,  restr icts  PCA t o an analysis  
of  the variance-covariance matrix,  and cal ls  PCA of  a  
correlat ion matrix pr incipal  factor  analysis  even when 
the diagonal  elements are kept  equal  to one.  This  is  
contradictory to the dis t inct ion between the models  we 
describe in (1)  above and we s trongly urge the reader 
to avoid such confusion.  However,  such diversi ty wil l  
be encountered and the reader should be forewarned.  

Part  of  the confusion in differentiat ing between 
these methods arises from the fact  that  a l l  of  the 
major s tat is t ical  packages available do pr incipal  
component  analysis  through their  factor  analysis  
procedure.  Therefore,  in some of  them, PCA m ay on ly be 
done on a  correlat ion matrix.  The terminology and 
labeling in the output  from these rout ines also has a 
factor  analysis  orientat ion.  Final ly,  one of  the more 
widely used factor  analyt ic  procedures,  principal  
factoring,  corresponds to performing the operat ions of  
a  principal  components analysis  on R-U ( the correlat ion 
matrix minus the uniquenesses) .  The f actors  retained 
are then frequently rotated by one of  the cri teria  
available and then the result  has been cal led for  
example,  "Principal  components (Varimax 
rota t ion)"—certainly a confusion of  terms.  In view of  
the clear  differences between the two methods,  we feel  
that  i t  is  most  useful  to keep the principal  components 
analysis  model ,  terminology and discussion separate 
from those of  factor  analysis .  
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Applicat ions:  

Considerable controversy exis ts  about  the usefulness 
of  factor  analysis .  Most  of  the argument has been in 
the psychometr ic  l i terature [see Blackith and Reyment,  
1971:201-204 for  references,  some to systematic 
l i terature] ,  and more recently in the physical  
anthropology l i terature [Kowalski ,  1972 and references 
ci ted therein] .  

As an example of  one opinion,  Mulaik,  in  the 
introduction to his  book [ 1972:xi-xi i i ] ,  makes a  
persuasive sta tement that  is  nei ther  pessimist ic  nor 
wholely optimist ic.  Although directed to 
psychologists ,  his  point  is  general :  "Factor  analysis  
is  not  a  method for  discovering ful l-blown structural  
theories about  a  domain.  . . .  factor  analysis  has been 
more profi tably used when the researcher knew what  
[s]he was lo oking for ."  [Mulaik,  1972:xii]  Mulaik 
therefore emphasizes confirmatory factor  analysis  in 
which prior  hypotheses about  the number of  factors ,  or  
the nature of  loadings may be proposed and tested.  For 
example,  hypotheses of  isometry (corresponding to equal  
loadings on a l l  var iables)  may be tested on a general  
"size" factor.  Confirmatory factor  analysis  appears to 
us to have great  potential  usefulness in systemat ics as  
well  as  other  f ie lds,  because i t  al lows "custom-made" 
hypothesis- test ing procedures.  I t  is  a logical  
outgrowth of  clear  and explici t  s tatements about  one's  
model:  the assumptions being made and the parameters  
being es t imated.  

In contrast ,  many ha ve considered exploratory factor  
analysis  a profitable exercise;  this  approach wil l  
remain useful  in beginning stages of  many s tudies.  
Most  of  the explanation given above,  and most  analyses 
in the systematics l i terature are exploratory factor  
analyses.  In this  approach,  the researcher is  trying 
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to f ind relat ively few factors  which facil i tate  an 
interpretat ion of the data.  No hypothesis  is  offered 
about  the number of  factors ,  nor the loadings,  prior  
to the data analysis .  See Stroud [19533 for  an 
appl ication to systematics.  Rummel [1970:22-32 and 
elsewhere]  and Cattel l  [1955a,b]  give careful  
discussions of  the philosophy and theory of  exploratory 
factor  analysis .  

As a  specif ic  example,  factor  analysis  has been 
thought useful  in explaining or  f inding functionally 
related or  correlated parts  of  organisms in systematic 
s tudies.  Principal  components often produces what  i s  
cal led a "size" component  ( f requently cal led a s ize 
factor)  and orthogonal  "shape" components (sometimes 
cal led shape factors)  in which variables with large 
posit ive loadings are contrasted with those with large 
negative loadings.  In contrast ,  factor  analysis  can 
yield simple factors  (with loadings near 0 and 1)  and 
is  more v ersat i le  in that  i t  can produce correlated 
factors  that  may be more interpretable biological ly 
[Atchley,  1971;  Gould,  19673.  Most  ro tat ions,  however,  
break up the "size" component  and combine i t  with other  
components to produce new f actors  [Benfer ,  19753.  The 
new, rotated factors  may be related to separate 
c lusters  of  original  variables which define "functional  
complexes".  (Many systematists ,  however,  feel  more 
comfortable with a principal  components solut ion,  and 
for  some applicat ions i t  is  indeed more appropriate .)  

Factor  analyses have been used in a variety of  
problems in systematics.  We need to dist inguish 
between two modes o f  factor  analysis  in applicat ions.  
The d iscussion and explanat ion given above was in terms 
of  R-mode factor  analysis .  In R-mode analysis  i t  is  
the m x m mat r ix of  correlat ions among variables that  
is  factored,  and the goal  is  rela t ively few factors  
that  explain the correlat ions among the variables or  
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that  may be considered new variables—true or  
underlying causal  factors .  Note that  the original  
variables are standardized so that  they have a mean of  
zero and s tandard deviation of one,  and factor  scores 
for  the OTUs may be est imated by regression on the 
original  variables.  While factors  in R-mode factor  
analysis  may be related to clusters  of  variables,  in a 
s imilar  way i t  is  hoped that  dist inct ive c lusters  of  
OTUs wil l  be found in Q-mode factor  analysis ,  
especial ly after  rotat ion to simple s tructure.  In 
Q-mode factor  analysis  i t  is  the n x n correlat ion 
matrix among OTUs which is  factored and a  reduced 
number of  factors  (hypothetical  OTUs) are obtained 
which explain most  of  the correlat ion among OTUs. 
These hypothetical  OTUs are in the direct ion (one 
hopes)  of  clusters  of  OTUs, so they may be taken to 
define groups that  comprise those OTUs loading heavily 
on the representat ive factor.  The n-OTU b y m-variable 
data matrix is  standardized by OTUs, so that  each 
individual  or  OTU ha s mean zero and s tandard deviation 
one.  Q-mode factor  analysis  has been used in numerical  
taxonomy [Rohlf  and Sokal ,  1962;  Sneath and 
Sokal ,1973:246-2483.  

Imbrie [see JSreskog,  KLovan and Reyment,  
1976:88-90] has found that  normalizing OTUs to have 
length one provides a useful  analyt ic  approach [Imbrie 
and Van Andel ,  1964].  This  has been appl ied to 
paleontologic data by Gould [1967] and Eldredge [1968].  
The m atr ix factored in this  method is  the matrix of  
cosines of  angles between OTUs measured from the origin 
( the data matrix is  not  mean-centered).  An oblique 
solut ion is  found which places the factors  coincident  
with extreme OTUs. The OT Us in the study may be 
interpreted in terms of  their  loadings on these 
extremes or  exemplars.  

Factor  analysis  has also been used to invest igate 
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aspects  of  geographic variat ion.  The factoring of 
binary data (0/1,  presence/absence) from distr ibutions 
of  species,  such as in ecological  or  d istr ibutional  
s tudies,  is  of  quest ionable val idi ty [Kim and Mueller ,  
1978b:73-75;  Rummel,  1970:224-225].  However,  factor  
scores may be plot ted against  geography as  a way o f  
expressing compactly the general  t rends in a large 
number o f  variables [e.g.  Sokal  and Rinkel ,  1963;  Sokal  
and Thomas,  1965:208-2093.  

Computat ional  requirements:  

A symm etrical  matrix of  associat ions,  usually 
correlat ions are factored.  However,  some methods are 
based on covariances.  Almost  a l l  models  define the 
common f actors  and unique factors  to be uncorrelated,  
and the unique factors  to be uncorrelated with each 
other .  The number of  factors  are determined by various 
cutoff  ru les,  which usually must  be chosen prior  to the 
analysis  (see Kim and Mueller  [1978b] and Rummel 
[1970:Chapter  15] for  an extensive discussion).  

I t  is  general ly argued that  the variables be 
continuous,  rather  than dichotomous or  ordinal  with a 
few c ategories;  the interpretat ion of loadings on 
factors  of  binary data is  diff icul t  to just i fy [Kim and 
Mueller ,  1978b:73-75;  Rummel,  1970:224-225].  

Sta t is t ical  assumptions:  

Tests  of  hypotheses on the numbers o f  factors  or  a  
prior i  vectors  of  loadings are available through 
maximum l ikel ihood factor  analysis  (ML).  The ML 
solut ion and tests  are based on assumptions that  the 
observat ions have a mult ivariate normal dis tr ibution 
[Kim and Mueller ,  1978b; Morrison,  1957:264-263].  A 
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large sample goodness-of-f i t  chi-square s tat is t ic  may 
be obtained to test  for  the number of  factors  [Kim and 
Mueller ,  1978b; Morrison,  1967:269-270] and tests  for  
other  hypotheses are avai lable [Kim and Mueller ,  1978b; 
SSrbom and J8reskog,  1976]0  Canonical  factor  
analysis  (cal led RAO in SPSS) is  essentia l ly the same 
as  ML fa ctor  analysis-  The usual  derivat ion of the 
maximum l ikel ihood solut ion depends on the assumption 
of  mult ivariate normali ty-  Wnile JBreskog,  Klovan 
and Reyment [1976:82] claim that  maximum l ikelihood 
factor  analysis  is  robust  to violat ion of  the 
assumption of  mult ivariate normali ty,  Kim and Mueller  
[1978b:77] s tate that  the effects  of  violat ing this  
assumption are not  c learly understood.  However,  Howe 
gives "an al ternat ive approach" to factor  analysis  
which leads to the same model  (equation {2} above) and 
"with sui table assumptions" a  maximum l i kel ihood 
solut ion [f ide Morrison,  1967:286-289] this  approach 
does not  depend on the mult ivariate normali ty 
assumption.  Max imam l i kel ihood factor  analysis  
produces results  that  are invariant  under changes in 
the scal ing of the original  variables.  

I t  would seem to us that  the most  important  
cr i ter ion for  acceptabil i ty of  factor  analysis  as  a 
useful  tool  in systematics would be the s tabil i ty or  
repeatabil i ty of  i ts  results  over different  random 
samples of  OTUs from the same populat ionCs).  For the 
s ize of  samples usually s tudied,  this  must  be 
determined by e mpirical  sampling experiments,  or  
computer  s imulat ion s tudies.  Many s uch studies have 
been done in the social  sciences [see Kim and and 
Mueller ,  1978b].  I t  would be possible to use jackknife 
procedures in factor  analysis  (see INTRODUCTION f or  
defini t ion) but  this  would require a great  deal  more 
computat ion t ime.  As an example,  Sokal  and Thomas 
[1965] found fair ly good repeatabil i ty for  factors  
summarizing morphological  variat ion over locali t ies,  
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but not  for  morphological  variat ion among l i fe  stages 
for  their  organisms.  

Biological  assumptions:  

The use of  the correlat ion matrix as  the symmetrical  
associat ion matrix to be factored means that  the method 
is  examining l inear  relat ionships among variables (or  
OTUs in Q-mode factor  analysis).  (See the discussion 
in the sect ion on "Principal  Components".)  

Most  factor  analysis  results  are not  invariant  under 
changes in scale .  However,  one at t ract ive feature of  
maximum l i kel ihood factor  analysis  is  that  the loadings 
for  a covariance matrix analysis  may be obtained simply 
from that  of  the correlat ion analysis  by mult iplying by 
scale factors.  Therefore,  i t  doesn' t  matter  which 
associat ion matrix is  factored:  unlike principal  
factor  analysis  and PCA, a  ML fa ctor  analysis  produces 
the same results  under a  change of  scale.  This  is  also 
true for  some other  models  not  considered here [Mulaik,  
1972:  Chapter  8] .  

For many s ystematic s tudies employing factor  
analysis  as  a kind of  clustering technique,  the 
assumptions of  mult ivariate normality required for  the 
tests  will  not  be val id.  If  Q-mode factor  analysis  is  
employed,  the tests  that  would be used in R-mode 
analysis  wil l  general ly not  be applicable because the 
assumptions of  a  "random sample" of  characters  for  each 
OTU i s  seldom i f  ever val id,  and the concept  of  a  
normal distr ibution of those characters  in OTU spa ce is  
not  applicable.  The s cores of  OTUs obtained from an 
R-mode analysis  may be used in a subsequent  clustering 
procedure;  i f  c lusters  are thought to be present ,  the 
assumption of  mult ivaria te normali ty is  clearly 
contradicted.  Maximum l ikel ihood factor  analysis  
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procedures have been extended to al low comparison of  
factor  s tructure among different  populat ions [Kim and 
Mueller ,  1978b; Stt rbom and J t t reskog,  1976];  these 
have not  been applied to systematic biology as far  as  
we know. 

Perhaps the most  basic assumption of  most  
applicat ions of  R-mode e xploratory factor  analysis  is  
that  the concept  of  s imple s tructure is  appl icable to 
biological  systems.  One might  quest ion whether,  for  
example,  given modern genetic  or  ecological  theory,  one 
would expect  to f ind a few d ef inable factors  that  
explain the pat terns of  morphological  variat ion we see 
over ontogeny and phylogeny.  We m ight  hope that  this  
is  true,  but  can we expect  i t  from our current  
hypotheses of  development and evolut ion? Simple 
s tructure assumes not  only fewer underlying factors  
than original  variables,  but  also that  only a few of  
these underlying factors  affect  or  explain any given 
character .  For a  cautious discussion,  see Sokal ,  Daly 
and Rohlf  [1961:1116-1118].  

S tat ist ical  packages and computer  programs: 

Most  of  the available packages (NTSYS, BMDP, SAS, 
SPSS and others)  have a  large number of  options for  
factoring (generat ing an overwhelming number of  
combinations) .  However,  some of  the packages—SAS and 
SPSS-—only al low factoring of correlat ion matrices.  
The major options available are summarized below in 
table form. Options usually have defaults ,  indicated 
by an *,  which are used unless an al ternate choice is  
made by the user .  Not a l l  of  the defaults  wil l  work 
together,  but  general ly an analysis  wil l  result  i f  al l  
of  the defaults  are used.  

Principal  components analysis  is  obtained in these 
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packages through PFA (non-i terat ive principal  
factoring) with unaltered diagonals .  Brief  
descript ions for  some of  the options and methods are 
given at  the end of  the table.  The reader is  referred 
to the manuals  or  texts  on factor  analysis  for  ful ler  
explanat ions.  

BMDP NTSYS SAS79 SPSS 

Matrices to be 
factored 

R*,S,  non-
centered R,S 

R.S,  
any 

R R 

Factor  method PFA*,ML,LJIFFY 
PFA(iter)  

PFA,PFA(iter)  
(ALPHA,IMAGE 

ML-planned) 

PFA*,ML 
PFA(iter)  
IMAGE 

ALPHA,IMAGE 
PFA(iter)* 
RAO 

Communali t ies  Unalt* for  PCA 
MCS* o thers 
Priors ,Max 

Unalt*,MCS 
Max 
Priors  

Ones(PFA)* 
MCS,Max 
Priors  

Ones,MCS,MAX 

Priors  

Number of  factors  Mineigen(=1*) 
r  

Mineigen(=1*) 
r  

Mineigen(=1*) 
r ,%trace 

Mineigen(=1*) 
r  

Orthogonal  VARI*,QUARTI,  
EQMAX,ORTHOG 
None 

VARIMAX 
(separate 
routine)  

VARI.QUARTI 
EQMAX 

None* 

VARI*.QUARTI 
EQMAX 

None 

Oblique 
rotat ions 

DOBLI,0RTH03 
DQUART 

FUNCTNPLN 
PRIMENPL 
SPACES/ ARP 

PROMAX OBLIQUE 

Plots  Loadings* 
Scores* 

(Separate 
routines)  

Load i.  n  g  s  
(Scores in 
separate 
routines)  

Loadings 
(Scores in 
separate 
rout iness)  

8.  Special  output  Part ial  corr  
Residual  R 
Shaded R 
R~1  

Sorted loadings* 
1)2* 

Eigenvectors 
scaled to 
length 1.0 

Eigenvectors 
of  R sca led 
to length 1.0 

> - 1  

9.  Special  features Case weights ,  
scores on other  
data 

Choice of  
eigen routine 

Special  
missing data 
handling 

10.  Maximum num ber 
of  variables 

150 double prec 
(adj .  by user)  

Set  by user  250 100 

1.  R=correlat ion matrix;  S=variance-covariance matrix.  
2.  PFA—principal  factoring (non-i terat ive)-see Manual .  

PFA(i ter)—principal  factoring ( i terat ive)-  see Manual ,  Kim and Mueller  [1978b].  
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ML—maximum l ikelihood factoring—[Kim and Mueller ,  1978b; Morrison,  19673.  
ALPHA—[Kim and Mueller ,  1978b; Mulaik,  1972:211-212],  
IMAGE—[Kim and Mueller ,  1978b],  
RAO—essentially same as  ML. 
LJIFFY— [Kaiser ,  1970],  

3 .  Unalt—1.0 for  R and variances for  S,  
MCS—multiple correlat ion coefficient  between variable and 

a l l  other  variables.  
Max—maximum c orrelat ion for  var iable with a l l  others .  
Priors—may input  any values.  

4.  Mineigen—keeps a l l  factors  for  eigenvalues larger  than a s tated 
minimum; default  cutoff  is  1.0.  

r— 0ne may cho ose the number of  factors  to keep and rotate .  
XTrace—factors are extracted unti l  a designated percentage of  the 

t race is  exceeded.  
5.  VARI—Varimax-[Kim and Mueller ,  1978b; Mulaik,  1972:253-261].  

QUARTI—Quart imax-[Kim and Mueller ,  1978b; MuiaiK, 1972:258-261].  
EQMAX—Equamax—[Kim and Mueller ,  1978b; Mulaik,  1972:262-2633.  
0RTH0G—[Harman,  1967:Chapter  12].  
None—no rota t ion is  requested.  

6.  PROMAX—[Kim and Mueller ,  1978b; Rummel,  1970:  Cnapter  173.  
DQUART—[Jennrich and Sampson,  1966],  
0RTH0B—[Kaiser ,  1970].  
DOBLI—Doolimax-LHarman,  1967:334-3^13.  
FUNCTNPLN—[Katz and Rohlf ,  1974],  
PRIMENPL—[Katz and Rohlf ,  19753.  
SPACEWARP—[Harr is  and Kaiser ,  1964],  

8 .  D 2—Mahalanobis d-square from each OTU t o centroid 
for  a l l  data is  computed,  as  well  as  for  the r  components 

2 reta ined,  and for  residuals ;  actual ly given as  D /m 
which is  approximately chi-square/m [Hawkins,  1974],  
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This is  a graphical  method for  systematical ly 
scanning an m-dimensional  variable space in order to 
plot  scores for  OTUs as  continuous functions of  the 
direct ions chosen in the space.  Andrews [1972] def ined 
sets  of  coeff icients  that  vary cont inuously,  and that  
have propert ies  that  al low construct ion of a  priori  and 
a  posteriori  tests  for  comparing subsets  of  OTUs in 
direct ions of  interest .  

One way of  looking at  the procedure is  to think of  
plot t ing the data on some ini t ial  arbi trary axis  
passing through the origin (or  the centroid of  the 
data);  this  axis  could even be one of  the original  
coordinate axes .  Then the axis  is  r igidly rotated a 
small  amount in  some d irect ion and new s cores are 
computed,  New sc ores are computed after  every small  
angular  displacement.  I f  this  is  done systematical ly 
and thoroughly,  then one scans the entire  
space—including direct ions corresponding to each of  
the original  variables s ingly,  and to any l inear  
combination of  the original  variables,  including 
canonical  variates axes,  principal  component  axes,  etc.  
The scores of  the OTUs on this  scanning axis  are 
plot ted on the ordinate as  a function of the 
displacement angle.  This  produces an essential ly 
continuous l ine (when the s ize of  the increment of  the 
displacement angle becomes very small)  for  each OTU. 

Andrews em phasized specif ic  scanning paths that  have 
nice mathematical  properties  in terms of  f inding 
confidence intervals  or  testing s tat is t ical  hypotheses 
in part icular  direct ions (points  on the path) ,  or  in 
direct ions chosen af ter  an examination of  the plot .  He 
recommends t ransforming the variables to pr incipal  
components for  this  purpose.  The use of  these paths as  
recommended by Andrews is  l imiting in that  only a 
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relat ively small  part  of  the space about  the f irst  
pr incipal  axis  would be explored.  

Other discussions have not  l imited this  method to a 
pr incipal  components-oriented approach:  Gnanadesikan 
[1977:209-210J suggests  other  weight ing schemes that  
produce a more thorough scan of  the space,  but  these do 
not  have s tat is t ical  properties  that  are as  convenient .  
He a lso suggests  t rying a few d ifferent  permutat ions of  
the coefficients.  This  wil l  scan s t i l l  more o f  the 
space.  I t  is  recommended for  visual  c lar i ty that  not  
too many OT Us be plotted in any one graph.  
Gnanadesikan gives some pract ical  suggest ions for  
representing large samples of  OTUs. 

Applicat ions:  

Applicat ions are discussed in the section on 
"Explorat ion" in PURPOSES. 

Computat ional  requirements:  

None.  

Stat is t ical  assumptions:  

For test ing hypotheses or  confidence intervals ,  i t  
is  necessary that  the scores have the propert ies  that  
sat isfy the assumptions of  the test  sta t is t ic  used.  As 
the method generates univar iate scores for  any single 
tes t ,  then any appropriate univariate test  may be used.  
For example,  i f  the data have a mult inomial  
distr ibution,  then the scores in any direct ion wil l  
have a univar iate normal distr ibution.  If  two or  more 
groups of  OTUs are present  then t -  or F-tests  might  be 
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appropriate for  hypotheses of  equali ty of  means in the 
chosen direct ion.  Andrews provides both a  priori  and a 
posteriori  tests .  

Stat is t ical  packages and computer  programs: 

The method is  not  available in the common packages.  
A progra m can be writ ten in SAS79 using PROC M ATRIX. 
PROG PL OT can then be used to produce plots  for  a  
l imited number of  increments.  
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Multiple regression analysis is a technique for 

relating one observed variable to a set of m additional 

observed variables measured on each OTU. It may be 

used for: 1) prediction—for example, predicting body 

weight from a set of skeletal measurements, 2) 

describing or finding functional relationships—for 

example, relating measurements in a growth study to 

age, nutrition or environmental conditions, or relating 

morphological variables to geographic coordinates, or 

3) removing the effects of one or more variables from a 

variable of interest—e.g., correcting for "size". A 

linear model of the form: 

Yi = +£1xl1 + 2̂xi2+ +/Vim + vi l1} 

is fitted to the data. y^ is the value of the 

dependent or predicted variable for OTU i. xil to 

xim are observed values for the independent or 

predictor variables for the same OTU. is the 

y-intercept, and /3-p ft2{!> m are unknown 

regression coefficients used to explain or predict a 

y^^ as a line ar combination of the m Xj's. v^^ is 

the error or residual variability—that part of yi 

not explained by dependence on the x-'s. The model 

may be written in a compact matrix form as 

Y = Xy6 + V {2} 

Y is a column vector of n values for the independent 

variable, X is an n x m+1 matrix of values for the 

independent variables (with a column of ones for 

"XQ") , is the column vector of m regression 

coefficients, and V is a column vector of residuals. 

The model in this form looks like the factor model in 

factor analysis. The difference is that in factor 

analysis only the analogue of Y (C in factor analysis) 

is observed and the analogues of X and (i (F and E) are 
estimated, while in regression analysis both Y and X 
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are observed and ft is  the only vector  of  parameters  
est imated.  

Many a uthors consider  mult iple regression a 
univariate technique,  s ince there is  only one Y or  
dependent  variable, ,  However,  in  some appl icat ions 
there may be m+1 random variables,  s ince the values of  
X m ay be observed with sampling variabil i ty.  (Tne 
implicat ions of  these al ternat ives—x's are f ixed 
variables vs.  x 's  are random variables—for 
hypothesis- test ing,  are discussed below under 
Stat is t ical  assumptions.)  Just  the inclusion of more 
than one random variable suff ices as reason for  some 
authors to consider  mult iple regression a mult ivariate 
technique.  What i s  cal led "mult ivariate" mult iple 
regression,  in which there are p number of  y 's  
(dependent  variables)  and m x 's  ( independent  
variables) ,  produces exactly the same r esult  as  the p 
separate mult iple regressions on the x variables,  one 
for  each y.  This  is  not  a  method for  re lat ing a l inear  
function of the y 's  to a l inear  function of  the x 's ;  
the lat ter  is  achieved by canonical  correlat ion.  

The model  for  mult iple regression is  usually f i t  to 
the data by the least  squares method;  est imates bj  
of  the parameters  f t j  are determined to minimize the 
sum o f  squares of  the residuals  v i #  The d erivation 
and formulae for  doing this  are given in most  
intermediate level  stat ist ical  methods or  biometrics 
texts  [e .g.  Snedecor and Cochran,  1967:Chapter  13],  in 
books devoted to mult iple regression [e.g.  Draper and 
Smith,  1966],  and in mult ivariate texts  [e.g.  Morrison,  
1976:95-973.  Est imating the coefficients  bQ ,  
b . , , . . . . ,  bm  and f i t t ing the model  to  the data 
corresponds to f inding the best  f i t t ing m-dimensional  
hyperplane or  surface in an m+1 variable space.  The 
least  squares approach then minimizes the sum o f  
squared distances paral lel  to the y-axis  from the 
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observed points  in m+1 space to the surface in :n s pace.  
bQ  is  the est imate of  the y-intercept  of  the 
surface—the value of  y for  which a l l  x 's  are zero.  
Each b-  est imates the best  f i t t ing slope of  the l ine 

J 
formed by the intersect ion of the f i t ted surface and 
the x.y plane;  that  is  the values of  y when a l l  x 's  

J 

except  x j  are equal  to zero.  The model  may a lso be 
f i t  by set t ing ^ n=Q; in that  case the best  f i t t ing 
surface is  forced to pass through the origin of  the 
space.  In ei ther  case the surface passes through the 
means o f  al l  x 's  and y .  i .e .  the centroid of  the data 
set .  Generally i t  is  better  to leave $  Q  in the 
model  and test  that  i t  is  zero [Snedecor and Cochran,  
1957;  166-167].  

A measure of  goodness of  f i t  of  the surface to the 
p data is  given by R ,  the mult iple correlat ion 

p 
coeff icient  squared.  R i s  also cal led the 
coeff icient  of  determination.  R i s  the correlat ion 
between the observed y^ 's  and the predicted y^ 's  

h = b0 + Vi1 Vim-
P R may a lso be interpreted as the proport ion of  the 

sum of  squares of  the y^s explained by the l inear  
dependence on or  associat ion with the x 's .  R^=1 
means that  the dependence is  complete,  and a l l  of  the 
y 's  fal l  on the f i t ted surface.  R^=Q means that  y is  
uncorrelated with any of  the x 's  ( i .e .  that  none of  the 
x 's  alone or  in combination are any bet ter  predictors  
of  y than is  the mean of  y).  Since p+1 ^>'s  are 
est imated,  a  perfect  f i t  wil l  be obtained with p+1 
OTUs. Fewer OTUs wil l  lead to an indeterminate 
solut ion,  and more OT Us wil l  al low est imation of the 
error  or  residual  variance,  and s ta t is t ical  inference 
if  dis tr ibutional  assumptions are correct .  Although 

p 
R i s  the most  popular  measure of  goodness of  f i t  of  
the regression model ,  useful  information is  frequent ly 
obtained from an examination of  the residuals  from the 
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surface of  best  f i t .  Hocking [1976:15-16] gives 
addit ional  cri ter ia  for  evaluating a regression model.  

Several  important  problems ar ise in the use of  
mul t iple regression.  One is  how t o choose the "best"  
suoset  of  the x or  predictor  variables from a large 
number of  available independent  variables that  are 
correlated with y .  Another is  the effect  of  highly 
correlated or  nearly redundant  x variables ( i .e.  
determinants  of  the variance-covariance matrix of  the 
x 's  near 0) .  This is  the problem of so-called 
coll inear i t ies  or  mult iple col l ineari t ies ,  which lead 
to unstable ( i .e.  difficul t  to reproduce under repeated 
sampling) and d iff icult - to- interpret  vectors  of  b 's ,  
the coeff icients .  A ver y brief  discussion of these 
problems is  given here with references to appropriate 
l i terature.  A compre hensive review has been given by 
Hocking [1976],  The problem of "outl iers" ,  which may 
play havoc with regression est imators and predict ion,  
is  discussed more extensively under PURPOSES. We only 
note here that  possible solut ions include "tr imming" 
[Dixon and Massey,  1969:3313 or  using "robust"  
est imators (see sect ion on "Robustness" in the 
INTRODUCTION),  i .e .  removing or  giving lower weights  to 
certain of the extreme values when f i t t ing the model .  

Stepwise regression has been a popular  and widely 
available procedure for  the select ion of "best"  subsets  
of  variables .  This  is  the case in which one has a 
large number of  possible predictor  variables and one 
wishes to reduce these to an optimal few. A va riety of  
cr i ter ia  are available for  "stepping",  i .e .  
sequential ly adding or  removing (or  both)  variables to 
the model .  Four problems exist  with a l l  stepwise 
procedures:  1)  they do not  necessari ly f ind the 
optimal subset ,  2)  the b 's  may be biased by the ad hoc 
selection procedure [Draper and Smith,  1966:81-853,  3)  
the over-al l  error  rate of the procedure is  complex and 
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not  Known, and 4)  unwarranted s ignif icance is  
frequently placed on the order in which the variables 
enter  the equation [Hocking,  1976:93.  The f i rs t  
problem may now be deal t  with by doing a l l  possible 
regressions [Hocking,  19773.  For m v ariables,  there 
are 2 , n-1 possible models—e.g.  for  10 variables,  
tnere are 1023 m odels,  or  for  20 variables,  1,048,575 
models .  However,  the programs,  such as the one in 
SA379,  employ an aigori tnm that  does not  require 
searching among a i l  possible models  for  each possible 
number r<m o f  variables,  ( the algori thms are 
discussed in Hocking [19773).  The R^ values for  a l l  

2 in models  with one variable are output ,  then R for  
p 

a l l  models  with two variables with larger  R than for  
one variable,  and so on.  This great ly reduces the 
number of  models  from which to choose.  The 
coeff icients  can then be found for  the models  selected,  
and other  computat ions performed on this  restr ic ted 
set .  

The problem of col l ineari ty has received much 
a t tention from stat ist icians recently but  there is  
s t i l l  not  ful l  agreement on the best  procedures to use 
to deal  with this  problem [Chatterjee and Price,  
1977:Chapter  7,  and Hocking,  19763.  The problem arises 
when some of  the x variables are highly correlated;  the 
result  of  col l ineari ty or  high correlat ions among some 
x 's  is  that  the coefficients,  the b 's ,  for  those x 's  
wil l  be much more sensi t ive to the same sa mpling 
variat ion in y than wil l  the coeff icients  for  x 's  with 
low c orrelat ions.  However,  i t  may be preferable in a 
functional  model  to  get  est imates of  the relat ions 
between the dependent  variable and the independent  
var iables of  interest ;  one might  want to  keep al l  the 
x 's  in the model  rather  than delete some of  them as one 
might  in a s tepwise procedure.  I t  can be shown that  
small  eigenvalues of  the variance-covariance matrix 
formed from the x 's  are indicators  of  col l ineari ty 
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[Chatter jee and Price ,  1977:166-167].  Because their  
reciprocals  are employed,  these eigenvalues s trongly 
effect  the values of  the b 's  and their  standard errors.  
Another measure of  mult icoll inearity is  the variance 
inflat ion factor  (VIF).  The VIF for  each x• is  
(1-Rp where R*] i s  the mult iple correlat ion 

J »J 

coefficient  squared of  Xj with the remaining 
m-1 x variables [op.  ci t . :182-183 for  discussion of 
this  measure and how i t  is  used].  Two approaches or  
solut ions to the problem of col l inearity have been 
proposed:  

1)  The y 's  are regressed on the r<m principal  
components of  3X  with eigenvalues larger  than a 
selected cutoff  [op.  c i t . :Chapter  7] .  (This method is  
available in BMDP and can be done in SAS t hrough PROC 
MATRIX fo l lowed by one of  the regression procedures.)  
The coeff icients  in the regression model  are determined 
in terms of  the principal  components of  the x 
variables.  The b 's  for  the original  variables may b e 
obtained by mult iplying the regression coefficients  for  
the principal  components by the eigenvectors of  S x  

for  those components re tained.  

2)  Ridge regression—a small  constant  is  added to 
the variances on the diagonal  of  the 
variance-covariance matrix Sx .  This  increases the 
value of  the smallest  root  and also stabil izes the 
est imates in a way s imilar  to method (1)  [op.  c i t . :  
Chapter  8 and Hocking,  1976].  This  correct ion leads to 
biased but  more precise est imates.  

Applicat ions:  

Regression has been used for  predict ion or  
est imat ion:  one might  wish to est imate 
diff icult - to-measure variables,  such as  brain volume. 
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from mor e easily obtained variables,  such as l inear 
skull  measurements,  or  one might est imate values for 
missing data using those OTUs with complete sets of 
measurements t o estimate the y6's  for predict ion of the 
missing y [e.g.  Hoffman, Koeppl and Nadler,  1979:5 use 
the variable most highly correlated with the missing 
variable].  If  one is  est imating values,  i t  is  
frequently desirable to find an optimal subset of the x 
variables and reduce the number of measurements 
required for a good prediction of the y value; this 
can be done using stepwise regression.  

Patterns of geographical  variat ion for single 
morphological  variables,  principal component s cores or 
factor scores may be estimated through the use of 
multiple regression by using geographical  coordinates 
or functions of coordinates as independent variables.  
This technique is  called "trend surface analysis" 
[Davis,  1973:322-332].  The la t i tude and longitude (or 
other coordinates,  such as elevation,  may al so be 
included) may be expanded into a polynomial or other 
series.  The coefficients are estimated and the 
estimated y 's  are plotted on a base map of the study 
area [Marcus and Vandermeer,  1966].  This is  a kind of 

p smoothing of the geographically distr ibuted data.  R 
and the mean squared error of the residuals are used as 
measures of goodness of f i t .  This problem f i ts  
situat ion (1) below, under Statist ical  assumptions,  
since the geographic coordinates are measured with 
negligible error.  Appropriate hypotheses may be used 
to test  for the degree of the polynomial giving an 
adequate f i t  to the data (a simpler model being 
preferred).  This is  an a posteriori  procedure.  Low 
order surfaces may des cribe clines,  for example.  An 
examination and plot  of the residuals is  useful for 
detect ion of outliers ,  or local  populations requiring 
addit ional study. 
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The x 's  in a mult iple regression analysis  may be 
random variables,  described in case (2)  below. This  
would be the s i tuat ion,  for  example,  when using the 
method to est imate missing values.  However,  i f  the 
goal  is  to f ind a functional  or  descript ive 
relat ionship,  such as in al lometric  s tudies,  when no 
s ingle variable of  the m+1 random variables may b e 
designated as dependent  ( that  is  any of  the variables 
could appear on the lef t  side of the model  {1}),  then a 
principal  components formulat ion would be more 
appropriate [Jol icoeur,  1963;  Kuhry and Marcus,  1977 
for  the bivariate case,  and some other  considerations;  
see sect ion on "Size and Shape" in PURPOSES].  

Analyses of  variance may be viewed as  a form of 
mult iple regression in which the x 's  are dummy or  
indicator  variables indicat ing the design variables 
[Kleinbaura and Kupper,  1978:  Cnapter  133.  Similarly 
analysis  of  covariance may be described as mul t iple 
regression in which some of  the x 's  are indicators  
(0/1,  e.g .  0 for  male and 1 for  female)  and others are 
continuous variables.  This  lat ter  model  al lows test ing 
of addit ional  hypotheses if  the assumptions for  the 
case with f ixed x 's  are val id ,  including comparison of  
regression coeff icients  between sets  of  OTUs Cop.  c i t . :  
Chapter  14],  A c l ever application of indicator  
variables in mult iple regression is  a test  proposed to 
dis t inguish "phylet ic  gradualism" from "punctuated 
equil ibrium" in strat igraphic sequences of  fossi l  
mammal samples [Bookstein,  Gingerich and Kluge,  19783.  

Two-group d iscr iminant  function analysis  may be 
viewed as  a special  case of  mult iple regression,  in 
which the dependent  variable is  dichotomous.  For 
example in a discriminant  analysis  used to identify 
species 1 and species 2,  the b 's  are proport ional  to 
the discriminant  coefficients  i f  the y^ 's  for  species 
1 are set  to one constant ,  and the y^ 's  for  species 2 
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are set to another constant. The actual discriminant 

coefficients are obtained if the first constant is set 

equal to n2/(n.j+n2) and the second constant is 

set equal to -n1/(nl+n2), where n-j and n2 

are the sample sizes of the two groups [Kleinbaum and 

Kupper, 1978:420], Mahalanobis D2 may be written as 

a function of R2: 

d2 = (iV"2)r2 W 

n.jn2(1-R2) 

One value of knowing these relations is that any 

multiple regression program may be used to perform an 

analysis of variance or a two-group discrimination [op. 

cit.: Chapter 22 for a discussion on the uses of 

regression for ANOVA and discrimination]. 

An approach to multiple regresion for a discrete 

dependent variable is given in Press [1972:255-272]. 

This method of analysis is called logit analysis or 

logistic regression (see METHODS section on 

"Multidimensional Contingency Tables"). 

Computational requirements: 

Multiple regression requires that the data be 

partitioned into one dependent variable (the left side 

of the equation {1,2} and m independent variables (on 

the right side of the model equation). The number of 

OTUs must be n>m, and there should not be any linear 

dependencies among the x's. Another way of saying this 

is that the rank of the variance-covariance matrix of 

the x's should be m. (The rank will not be m+1 because 

of the column of ones for "XQ".) 

Note that the model is a linear combination of the 

/$ 'S. Any data transformation, either linear or 

nonlinear, of the x's or of y is allowed within this 
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model ,  s ince both y and the x 's  are observed values and 
are not  being est imated, ,  

Stat ist ical  assumptions:  

Two d ifferent  sets  of  assumptions may be invoked,  
corresponding to the two approaches in regression 
mentioned above:  one set  in which the x 's  are 
f ixed-quanti t ies  without  associated measurement error ,  
and an a l ternate set  in which the x 's  are random 
variables.  We d iscuss the hypotheses and assumptions 
associated with each of  these cases in more d etai l :  

1)  The x 's  are f ixed quanti t ies  measured without  
error ,  for  example t ime since bir th in a growth study 
or  geographic coordinates of  a col lect ing local i ty;  
the errors  v^^ a re  independent  and normally 
distr ibuted with mean zero and unknown variance.  These 
two assumptions imply that  the y 's  are normally 
distr ibuted with expected values equal  to ftQ + 
^1x i l  +.. . .+ /$m x im  a n d  t h e  s a m s  unknown variance 
a s  t h e  y ' s .  

I f  these assumptions are val id then one may test  a 
series of  pert inent  hypotheses:  

*  al l  of  the /3 's=0:  there is  no functional  or  
p r e d i c t i v e  r e l a t i o n  b e t w e e n  y  a n d  t h e  x ' s ,  

* /0Q=O: the t rue surface passes through the 

x variables or  groups of  x variables do not  add 
s ignificantly to the model.  

All  of  these tests  are t -  or F- tests  and may be 
organized in the form of  an analysis  of  variance 
[Snedecor and Cochran,  1967:  Chapter  13 and Kleinbaum 
and Kupper,  1978:  Chapter  10],  Most  of  the tests  can 

2 2 be expressed in terms of  R or  part i t ions of  R .  

origin.  
* a specific  certain 
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Morrison [1976:114-116] gives the a posteriori  test  
procedures for  tes t ing hypotheses about  the x 's  that  
seem to contr ibute l i t t le  to the relat ionship,  based ci  
an examination of  the b 's  that  are small .  Similar ly 
confidence intervals  or  bounds may b e found for  the 
predict ion surface i tself ,  for  predict ions of  future y 
values for  a new OTU fo r  which the x 's  are known, for  
the fis ,  and for  the unknown residual  variance or  mean 
squared errors  [ ibid.] .  

2)  The independent  variable y and the m x 's  are a l l  
random variables having a mult ivariate normal 
dis tr ibution.  The same tests  and confidence intervals  
as  in case (1)  are appropriate after  a specif ic  set  of  
x 's  have been observed,  which are then treated as 
f ixed.  One's  resul ts  are therefore conditional  on the 
x 's  observed,  as  well  as  on the val idi ty of the same 
assumptions required for  case (1) .  

There are tests  for  the hypothesis  of  independence 
of  the residuals  against  a  variety of  al ternat ives.  
Serial  correlat ions among the residuals  indicate 
non-independence and are the basis  of  some of  the tests  
[Chatterjee and Price,  1977:Chapter  6] .  Runs tests  and 
other  non-parametric  tests  may also be used to check 
independence.  Some o f  these tests  are available in the 
various s tat is t ical  packages.  I t  is  recommended that  
one examine observed residuals  (y-y) or  s tandardized 
residuals ,  and that  they be plot ted against  y or  
various of  the x variables to visually assess their  
magnitude and pat tern.  See Gnanadesikan [1977:263-271] 
for  addit ional  graphical  procedures for  evaluating 
residuals.  

Biological  assumptions:  

The part i t ioning of the init ial  data se t  into the 
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dependent  variable y and the m p redictor  variables,  
x1  through xm ,  is  the f irst  s tep in a set  of  
assumptions about  the relat ionships of  the variables.  
If  the purpose is  predict ion of a  value within a taxon,  
as  when brain volume o r  body weight  is  predicted from 
l inear  measurements ,  the assumptions would be only that  
the sampling over individuals  was adequate.  However,  
the l inear  combination of  measurements that  optimally 
predicts  brain volume for  one species would not  
necessar i ly be that  combinat ion optimal for  a  different  
species,  even a species from the same g enus.  Yet ,  i f  
values of  y were ent i rely lacking for  some species,  an 
assumption of  homogeneity over species within a genus 
or  even family might  be necessary.  And even when the 
populat ion being sampled is  adequately represented,  the 
regression equation obtained wil l  s t i l l  be a  bet ter  
predictor  of  that  sample 's  values than i t  wil l  be on 
the average for  subsequent  random samples.  One can 
guard against  an assumption of  too good a  performance 
by cross-val idat ion with other  samples (see sect ion on 
"Validi ty" in the INTRODUCTION).  Another less  adequate 
solut ion is  to adjust  the coeff icient  of  determinaion 
so that  one obtains a more real is t ic  measure of  the 
predict ive value of  the regression equation [Tnorndike,  
1978:162-166] .  

If  the purpose of  the regression analysis  is  to 
derive hypotheses about  functional  relat ionships 
between variables,  then assumptions about  biological  
processes are being invoked,  and are not  tested in any 
fashion by the mult iple regression analysis .  For 
example,  i f  one wished to evaluate the relat ive potency 
of  various environmental  and resource factors  affect ing 
the reproductive success of  some kind of  animal,  then 
interpretat ion of the coefficients  obtained from 
mult iple regression would invoke assumptions about  the 
biological  or  ecological  processes mediat ing the 
cause(s)  ( the environmental  measures)  and the effect  
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(increase or decrease in reproductive success)0 This 

analysis would not provide a way of distinguishing a 

case of causal dependence of one variable on another 

from a case of common dependence on an unrecorded third 

variable. This is, of course, true for any analysis 

evaluating correlation. One way of formulating causal 

models in correlation studies is in the framework of 

path analysis [Wright, 1954; Tukey, 1954; and Nie et 

alo, 19753. 

If the variables of interest in the model are highly 

correlated then the problem of multicollinearites might 

arise, which will lead to unstable and 

non-interpretable regression coefficients. Corrections 

for this problem are discussed above. 

Both models described under statistical assumptions 

above include the assumptions, among others, that the 

error or residual terms are independent. The errors in 

the values of observed random variables in univariate 

statistics are independent whenever the sampling is 

random (see section on "Independence and random 

sampling" in the INTRODUCTION). In the multivariate 

case, however, random sampling is not sufficient: 

assuming independence of the error terms becomes an 

assumption that no major factor or common source of 

variation affecting the y's is omitted from some sort 

of representation in the set of predictor variables 

[Draper and Smith, 1966:81-853. 

Statistical packages and computer programs: 

This procedure is one of the most widely available 

in the general purpose statistical packages. There are 

many special purpose packages devoted to multiple 

regression. One or more of these will be available at 

most computer centers. Below is a brief outline of the 



-Mult iple Regression- 131 

procedures available in BMDP, SAS and SPSS. 

BMDP(77) has a  ser ies of  mult iple regression 
programs and some related procedures,  these include:  

P1R—Mult iple Linear Regression 
P2R—Stepwise Regression 
P9R—All Possible Subsets  Regression 
P4R—Regression on Principal  Components 
P5R—Polynomial  Regression 

Regression-related techniques are found in PAM fo r  
est imat ing missing data ,  and there are several  
procedures for  non-l inear  regression.  

SAS h as a series of  mul t iple regression procedures,  
including:  

PROC GL M—'general  l inear  model  procedure,  including 
general  mult iple l inear  regression 

PROC RSQUARE—-all  possible regressions 
PROC STEPW ISE—stepwise mult iple regression 
PROC SY SREG—many varia t ions of  mult iple l inear  

regression including "seemingly 
unrelated regression" models  

Procedures related to mult iple regression are PROC 
AUTOREG fo r  autoregression models  (e .g.  for  t ime series 
or  spat ial  autocorrelat ion analysis  [Sokal  and Oden,  
1978a and b]  and PROC NLIN fo r  nonlinear  regress ion.  
PROC PL OT ma y be used to plot  residuals  etc. ,  and PROC 
MATRIX m ay be used to program one 's  own procedure for  
regress ion.  

SPSS h as a general  regression procedure that  
includes various stepwise opt ions.  Chapter  21 of  the 
SPSS manual  [Hie e t  a l . ,  1975] t i t led "Special  Topics 
in General  Linear Models" includes uses of  the 
regression procedure for  polynomial  regression,  
analysis  of  variance using dummy variables and for  path 
analysis  models .  
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CANONICAL CORRELATION ANALYSIS 

The association between two sets of variables may be 

studied by finding the canonical correlations between 

the two sets. For example, this method would describe 

the association between m morphological and p 

environmental variables measured over the same set of 

OTUs or individuals. The data matrix will then have n 

rows for OTUs and m+p columns for variables. If we 

define X as the submatrix corresponding to the m 

columns of one set of variables (e.g. the morphological 

variables) and Y as the p columns for the other set of 

variables (e.g. the environmental variables), then 

canonical correlation analysis (CCA) finds those linear 

combinations of the x's and of the y's that are 

maximally correlated subject to an orthogonality 

constraint. That is, CCA will find that combination of 

the y's that has maximum correlation with any linear 

combination of the x's, and also that linear 

combination of the x's which has maximum correlation 

with any linear combination of the y's. Out of the 

infinite number of linear combinations of x's and y's, 

CCA finds that particular pair most highly correlated 

with each other. This pair is the first pair of 

canonical variates. The second pair of canonical 

variates are that most highly correlated pair out of 

all possible linear combinations orthogonal to the 

first variates, and so forth, until m (if m<p) pairs of 

canonical variates have been found. 

x y 

> 1jl2 

iZ-ni -nm J 
M 

To start, the entire n x (m+p) matrix is 

mean-centered by variables. The linear combinations: 

b11xi1 + b21xi2 bm1xim = Wi1 

°nyii + =21^2 +---+ = zn 121 

define a pair of canonical variate scores for the ith 

individual on the first canonical variates. The 

correlation between w^ and over all individuals 
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^  is the canonical  correlat ion between the f i rs t  pair  of  
canonical  varia tes.  There are as  many pairs  of  
canonical  variates and their  corresponding canonical  
correlat ions as the lesser  of  m and p t  here taken to be 
m (and the data sets  can be redesignated to always make 
this  t rue) .  The m ca nonical  variates for  the x 's ,  i .e .  
the w's ,  are a l l  uncorrelated with each other ,  as  are 
al l  the z 's—the m can onical  variates of  the y 's .  The 
correla t ion between Wj and is  zero for  j  not  
equal  to k,  and for  j=k is  the j th canonical  
correlat ion between the j th pair  of  canonical  varia tes.  

The m x m mat rix B ha s as  i ts  columns the sets  of  
coefficients  for  the m can onical  variables for  the X 
data,  while the p x m matri x C ha s as  i ts  columns the 
coefficients  for  the m can onical  variables for  the Y 
data.  The colu mns of  the matrices B and C a re the 
eigenvectors of  the following products  of  matrices 
respectively:  

Sx SxySy S 'xy a n d  Sy sxy°x Sxy ^  

The c anonical  correlat ions are square roots  of  the 
corresponding eigenvalues,  which are the same for  both 
expressions in {3);  that  is ,  each member of  a  given 
pair  of  canonical  varia tes has associated with i t  the 
same e igenvalue.  The variance-covariance matrix of  the 
n x (m+p) data matrix is  an (m+p) x (m+p) matrix.  I t  
can be part i t ioned into the m x m va riance-covariance 
matrix S x  of the x 's ,  the p x p variance-covariance 
matrix S y  of the y 's ,  and the p x m and m x p 
matrices SV Y  and S (which are each other 's  y* x y 
t ranspose) of  covariances between the x 's  and y 's .  The 
formulat ion {3} may a lso be given in terms of  
part i t ions of  the overal l  correlat ion matrix,  i .e .  in 
terms of  the matrices R ,  R and R [Morrison,  x y *  y 
1976:256-2573.  Canonical  correlat ion analysis  has been 
extended to more than two sets  of  variables 
[Gnanadesikan,  197 7:69—7 9 3 o 

(A S \ Ox/ 

Syx 
_<c' 

! 1 
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Interpretat ion of canonical  correlat ion 
coeff icients ,  and the corresponding coeff icient  vectors  
in B and C f or  the canonical  varia tes z and w, i s  
discussed in Levine [1977],  and in detai l  in Cooley and 
Lohnes [1971:Chapter  6]  who compare the technique to 
factor  analysiSc The c ontr ibution of  the original  
variables to the canonical  variates may b e assessed 
with difficulty by examining the coefficient  vectors,  
and more easi ly by examining the correla t ions between 
the original  variables and the canonical  
variates—analogous to s tructure coefficients  in factor  
analysis  [Levine,  1977:18].  The formulae for  the 
lat ter  are given in Cooley and Lohnes [1971:170].  

Cooley and Lohnes also discuss the calculat ion of 
the proport ion of  variance extracted from each data set  
and the redundancy of  the two data sets .  The 
redundancy of  a  data set  with respect  to a canonical  
correlat ion is  the proport ion of  variance of  the 
canonical  variate for  the data set  [Cooley and Lohnes,  
1971:170] t imes the canonical  correlat ion coeff icient  
squared.  I t  may happen,  for  example,  that  for  the X 
data the f i rst  canonical  variate axis  is  near the f irst  
principal  axis  of  X and therefore explains a 
substantial  proport ion of  the variabil i ty in the X 
matr ix.  On the other  hand,  the corresponding canonical  
variate axis  of  the Y se t  may b e near  one of  the 
component  axes corresponding to a small  eigenvalue of  
that  set  and therefore explains l i t t le  of the 
variabil i ty of  the Y s et .  The redundancy for  the Y se t  
wil l  then be smaller  than for  the X s et .  

Cooley and Lohnes note that  pr ior  to the recognit ion 
of  the idea of  redundancy canonical  correlat ions were 
frequent ly viewed as measures of  the strength of the 
relat ionship between two sets  of  variables.  The 
canonical  correlat ions in fact  only measure the degree 
of  relat ionship between the canonical  varia tes,  the 
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corresponding w's and z's, which may not summarize 

important parts of their respective data sets. If the 

redundancy of each of the first canonical variates is 

low, then they are representing very little of the 

information or variability within their respective data 

sets, no matter how high the canonical correlation is 

between them. In such a situation, one might expect 

those canonical variates to be rather difficult to 

interpret; it is usually the major directions of 

variation that are most susceptible to explanation but 

there is not always reason to expect the directions of 

high variance within each of two sets of variables to 

necessarily be highly correlated between the sets. 

Applications: 

There has been limited application of canonical 

correlation analysis in systematic studies. The method 

has been used to relate morphological and environmental 

variables [Calhoon and Jameson, 1970, and Karr and 

James, 1975] and has been more widely used in 

ecological studies. Bivariate or three-way plots of 

the canonical variate scores within each set of 

variables may provide interpretable ordinations [Folse, 

in press]. Lavelle [1977] studied the canonical 

correlation between tooth and long bone size in 

primates. 

Multiple regression may be viewed as a special form 

of canonical correlation analysis, in which p=1. The 

canonical correlation coefficient is then equal to the 

multiple correlation coefficient R (see section on 

"Multiple Regression"). 

Discriminant analysis and multivariate analysis of 

variance (MANOVA) may also be viewed as special forms 

of canonical correlation analysis. One set of 
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variables represents the measured variables, e.g. 

linear measurements, for OTUs in different groups and 

the other set is called the "design matrix" and usually 

consists of O's and 1's. For example, in k-group 

discriminant analysis, if there are n., OTUs from 

group 1, n2 OTUs from group 2, etc., then the data 

matrix X has n ̂+n2+0».+n}<=n rows and m columns 

for the m variables measured on all of the n OTUs. Y 

is defined as an n x k-1 matrix of O's and 1*s. The 

first column of Y has 1's for those OTUs in group 1 and 

0 everywhere else. The second column of Y has 1's for 

those OTUs in group 2 and 0 everywere else and so on 

through group (k-1). The kth group will have O's for 

all k-1 columns. This is just one way of writing the 

design matrix for a one-way ANOVA [see Morrison, 

1976, or Kleinbaum and Kupper, 1978:256-253]. The X 

and Y data sets are then used in a canonical 

correlation analysis. The coefficients in B for the x 

variables will define canonical variates whose scores 

will be proportional to those obtained in a multiple 

discriminant analysis. The test for the number of 

canonical correlation coefficients different from zero 

will correspond to the test for the number of canonical 

variates. The magnitude of the canonical correlations 

squared will be related to the overall ability of the 

canonical variates to discriminate the groups. 

Canonical correlation analysis and multiple 

discriminant analysis are solving the same problem, so 

that additional analogues are present. Similarly, 

since a multiple discriminant analysis can also be 

viewed as a form of multivariate analysis of variance, 

then in addition, because of the equivalence of 

canonical correlation and discriminant analysis, MANOVA 

provides another way of solving or viewing the same 

problem. 

Computational requirements: 
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The n x (m+p) data matrix has m va riables assigned 
to one set  and p variables to the other .  The 
variance-covariance matrices S and S must  have iv y  
inverses ( that  is  they must  both be nonsingular)  as  
dicta ted by equations {1}.  For actual  measurements,  
s ingulari ty rarely occurs (or  is  "very unlikely")  
unless l inear  combinations of  original  variables are 
used,  or  i f  rows in one matrix are dupl icated and 
reduce the number of  different  rows to a number less  
than m or  p.  This  lat ter  si tuat ion might  ar ise i f  one 
had exactly the same values (e.g .  day length,  monthly 
mean precipi tat ion,  e tc. )  for  each individual  a t  a 
stat ion,  for  example,  and fewer such s tat ions than 
variables.  For community s tudies in which re lat ive 
frequencies of  species are reported,  a  l inear  
dependency arises i f ,  for  example,  each row o f  X adds 
to 1005&. This  is  corrected by leaving out  one species;  
which one doesn' t  matter .  

Stat is t ical  assumptions:  

I f  the x variables and y variables have a joint  
multinormal distr ibution,  a large sample test  of  the 
hypotheses that  the true canonical  correlation is  zero 
is  applicable [Cooley and Lohnes,  1971:175].  The test  
s tat is t ic  has an approximate chi-squared distr ibution.  
The largest  canonical  correlat ion is  f irs t  tes ted.  If  
the null  hypothesis  is  accepted,  there is  no evidence 
for  any canonical  correlat ion between the two data 
sets.  If  the null  hypothesis  is  rejected then the next  
canonical  correla t ion may be tested and so on.  This  
sequential  set  of  tests  gives a kind of  s topping 
procedure for  the number of  canonical  correlat ion 
coeff icients  to reta in in a s tudy.  

Tests  or  confidence intervals  for  the coeffic ient  
vectors  in B and C a re unavailable as  far  as  we know 
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(except in the case p=1, and then the problem is one of 

multiple regression—see the section on that method for 

tests). Large sample sizes seem to be required for 

reasonable faith that the results of an analysis are 

near the true values for the parameters. Some rules of 

thumb for required sample sizes indicate very large 

samples sizes are needed relative to the typical number 

of variables studied and may rule out the methodology 

as useful for many systematic studies [Thorndike, 1978 

and references therein]. The method may be especially 

sensitive to outliers. Robust procedures are likely to 

be appropriate, and jaekknife type procedures can be 

applied but require considerably more computer time 

(see sections in the INTRODUCTION on these topics). 

One method for validation of results is sample 

splitting. The canonical correlations and coefficient 

vectors are estimated from each half of the randomly 

split data and used to compute canonical variate scores 

for the other half; the two sets of scores and 

canonical correlations may then be compared. 

Biological assumptions: 

No distinction is necessarily made between predictor 

and criterion variables in this analysis. If one does 

hypothesize causal or functional relationships, then 

assumptions about processes are invoked, as discussed 

in the METHODS section on "Multiple Regression". 

As with other canonical methods, the implicit 

assumption is that the important relationships among 

variables and between sets of variables are linear. If 

one has reason to suspect nonlinear relationships, one 

approach is to find appropriate transformations to 

enable analysis of such relationships by this method. 

Nonlinear canonical correlation analysis, analogous to 

nonlinear principal components, might be appropriate 
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but we are unaware of the availability of such 

procedures. 

Statistical packages and computer programs: 

BMDP procedure P6M gives the canonical correlations, 

coefficient vectors, structure coefficients, canonical 

variate scores and test statistics. Multiple 

correlation coefficients of each variable with those in 

the second set are also given. Data in the form of raw 

data, an overall variance-covariance matrix or a 

correlation matrix may be used as input. The data may 

be mean-centered or not. Canonical variables may be 

plotted against each other, or against original 

variables. 

SAS79 does canonical correlation through procedure 

PROC CANCORR. Canonical correlations, coefficients for 

canonical variates and Bartlett's test statistic are 

given. The structure coefficients are given. 

Canonical variate scores are available and may be 

plotted through PROC PLOT. 

SPSS accepts raw data or a correlation matrix as 

input to the procedure CANCORR. The canonical 

correlations and coefficients for the canonical 

variates are output, and canonical variate scores may 

be requested. Wilk's lambda is given for testing the 

null hypothesis of no linear association between the 

canonical variates; probabilites are given. There are 

several missing data options. Linearly dependent 

variables are automatically deleted, but the test 

statistics' degrees of freedom are not adjusted for 

this correction. When missing data cause some 

eigenvalues to be negative, the procedure still finds a 

solution to a problem which is "only an aprroximation 

of the problem asked for by the user". 
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Cooley and Lohnes [1971:194-200] have l is ted a 
FORTRAN program for  canonical  correlat ion analysis .  
The input  data are a correla t ion matrix of  a l l  of  the 
correlat ions of  the m+p va riables.  Canonical  
correlat ions,  coefficient  vectors ,  s tructure 
coeff icients ,  redundancies,  and proport ion of  variance 
extracted for  each set  of  variables is  given.  
Appropriate test  s ta t is t ics  are also given.  



MULTIDIMENSIONAL C ONTINGENCY T ABLES 

Data obtained from discrete or  categorical  variables 
can be analyzed in the form of  contingency tables.  The 
2x2 table is  the simplest  example of  such data in 
which each specimen is  classif ied and counted in i ts  
appropriate cel l .  For example,  n=n+ +  individuals  
might  be c lassif ied:  

Str ipe 
present  

Str ipe 
absent  

Pupil  round n11 n  12 n1-
Pupil  oval  n21 n2 2  n2+ 

n+1 n+2 n ++ 

A subscript  means sum med over the values of  that  

subscript ,  e.g .  n+i s n i i+n2l* The character  on 
each margin may have more than two s tates;  the 
result ing table wil l  have dimensions equal  to the 
number of  rows t imes the number of  columns.  These 
tables are usually analyzed using chi-square tests  for  
hypotheses of  differences in proport ions between rows 
or  columns,  or  overal l  tests  of  independence [Sokal  and 
Rohlf ,  1969:  Chapter  16],  Sokal  and Rohlf  a lso present  
an al ternat ive G or  log-l ikel ihood rat io test  for  the 
same hypotheses.  

This  representat ion can be extended with more than 
two characters  to mult idimensional  tables .  There are 
as  many m argins or  dimensions as  there are variables of  
interest ,  al though such tables cannot  be s imply 
presented.  For example,  f ive characters ,  3 with 2 
s tates and 2 with 3 s tates,  produces a table with 72 
cel ls  (2x2x2x3x3=72),  and 10 characters  with 2 s tates 
each yields 21 0  cel ls.  Since the basic data are 
counts or  frequencies,  c learly large samples of  
specimens would be required to obtain many cel ls  with 
counts of  other  than 0 or  1 i f  more than a very few 
characters  are considered.  A mult iw ay table can always 
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be separated into a series of  two-way tables,  and 
separate chi-square tests  done on them. However,  i t  is  
diff icul t  to part i t ion and interpret  the interact ions 
of  the variables in a mult iway table using this  type of  
chi-square analysis;  the G t est  lends i tself  more to 
such part i t ioning [op.  ci t602-607].  

The tables of  counts may be converted to tables of  
relat ive frequencies by dividing each element by the 
total  number of  specimens.  These frequencies are 
est imates of  the probabil i t ies  with which each 
combination of  character  s tates wil l  occur.  Hypotheses 
about  the equal i ty of  probabil i t ies  for  rows or  
columns,  or  the independence of  characters,  may be 
s tated in terms of  products  of  the probabil i t ies.  For 
example,  the null  hypothesis  of  independence for  the 
two-way table may b e s ta ted,  p^ = P1 +P+- | .  The 
probabil i t ies  being est imated in the entire  two-way 
table are:  

Str ipe 
present  

Str ipe 
absent  

Pupil  round P11 P12 P1 +  

Pupil  oval  P21 P2  2 p2+ 

P+1 P+2 P++  

The hypotheses are tested by comparing two values:  1)  
the value for  a  cell ,  p^ for  example,  predicted by 
the est imates of  the marginal  probabil i t ies  (here 
est imated by the marginal  frequencies) ,  with 2)  the 
values or  frequency observed for  that  cel l .  

The hypotheses can be rewri t ten in logari thmic form, 
which results  in l inear  expressions.  The example above 
would become: log p^ = log p1 +  + log p+ 1 .  
Linear models  can be generated in this  way t o  part i t ion 
probabil i t ies  for  the mult iway contingency cells  in 
terms of  the character  states or  combinations of  
s tates.  These so-called "log-linear  models" have only 
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recently star ted to be incorporated into some of  the 
s tat ist ical  packages (separate log-l inear  programs are 
also available) ,  The mo dels  look l ike analysis  of  
variance models  or  l inear  models  in general  and can be 
used to test  hypotheses and est imate parameters .  

I f  one of  the c lassif icat ion or marginal  variables 
indicates taxon,  then such tables could be used to test  
hypotheses about  the relat ive frequencies of  character  
s tates or  their  proport ions in different  taxa,  or  to 
develop discriminant  functions based on discrete or  
categorical  data.  I f  one is  interested in the relat ive 
proport ions of  character  s tates or  character  s tate 
combinations for  two taxa,  the model  may b e writ ten in 
terms of  the "odds rat io" for  two taxa [Colgan and 
Smith,  1978:1533; in this  form the model  is  cal led the 
" logit  model" or  logist ic  model .  (Tnis  name i s  derived 
from the relat ionship between this  form of  the model  
and the equation for  the logist ic  curve [Bishop,  
Fienberg and Holland,  1975:333] .)  

The logist ic  model  has been presented in the form of  
" logist ic  regression" analysis  as  an a l ternat ive to 
classical  discriminant  analysis  [Press and Wilson,  
1978].  The d ifference between the logist ic  formulat ion 
and the classical  discriminant  formulat ion is  in the 
form in which the a posteriori  probabil i t ies  of  
specimens coming from the two populat ions are 
presented.  Logist ic  regression leads to the same 
discriminant  procedure for  normal distr ibutions and 
homogeneity of  covariance matrices as  classical  
discriminant  analysis .  However,  logist ic  regression 
may a lso be used for  categorical  variables,  continuous 
variables,  and mixtures of  categorical  and continuous 
variables [see Bishop,  Fienberg and Holland,  
1975:357-36 1  for  a discussion of various models] .  
Press and Wilson [1978] claim that  the logist ic  
approach is  relat ively robust ,  " i .e . ,  many t ypes of  
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underlying assumptions lead to the same logistic 

formulation". The estimation procedure for the 

logistic regression coefficients is iterative; a 

classical discriminant function can serve as the 

starting point for iterations. 

One attractive feature of the log-linear approach is 

that "logical zeros" can be adjusted for. A logical 

zero arises when cells of the table are empty because 

character combinations are impossible and known to be 

zero. (An example might be antler shape for females of 

certain species of cervids.) These are taken care of 

in the estimation procedure and computer algorithms 

which fit models and provide test statistics. 

We know of no direct applications to systematics 

problems. Most of the applications in biology have 

been in ecology and animal behavior (see Fienberg, 

[1977] for the former, and Colgan and Smith, [1978] for 

the latter). Bishop, Fienberg and Holland [1975] is a 

comprehensive book on the subject with theory, a 

geometric development, and biological and other 

examples. This volume includes alternative approaches 

to treating multidimensional contingency tables [op. 

cit.: Chapter 10 for a comparison of methods]. 

A log-linear program called LOGLIN has been 

developed by Olivier and Neff [1976] and is available 

from those authors. PROC FUNCAT in SAS assumes a 

different estimation procedure than generally advocated 

by Bishop, Fienberg and Holland [1975], but includes 

the log-linear model (the differences are briefly 

discussed in the SAS79 manual [Barr, Goodnight and 

Sail, 1979:232-233]). Program P3F in BMD? fits a 

log-linear model to multiway frequency tables. An 

extensive discussion with examples is given in the 

BMDP77 manual [Dixon, 1977]. 
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The term discriminant  analysis  refers  to a variety 
of  techniques that  a l l  have in common a part i t ion of 
the n x m da ta matrix into groups of  specimens (rows) 
by an a  priori  classif icat ion.  The primary goal  of  
discriminant  analysis  proper,  i .e .  c lassical  
discriminant  analysis ,  is  to develop a l inear  function 
of  the characters ,  measured on an original  sample 
part i t ioned into known groups;  this  function produces 
a score on the basis  of  which one can assign addit ional  
individuals  to those a priori  groups (using observed 
values of  the same t ra i ts)  with a minimal number of  
errors.  Classical  discriminant  analysis  procedures 
were derived by R. A.  Fisher,  under assumptions of  
mult ivariate normali ty and homogeneous 
variance-covariance s tructure among groups.  Closely 
related to the goals  of  discrimination are techniques 
for  displaying specimen scores in a space of  reduced 
dimensions that  maximizes the amount of  variat ion among 
groups relat ive to that  within groups.  The vectors  
spanning this  space are found through an eigenvector  
procedure,  so the new variables formed from these 
eigenvectors and plot ted in this  space are cal led 
canonical  variates or  variables,  and this  form of  
analysis  is  sometimes called canonical  variates 
analysis .  Linear discriminant  functions in a classical  
discriminant  analysis  can also be derived from the 
scores produced in a canonical  variates analysis  and 
are contained entirely with the canonical  variates 
space.  Mult ivariate analysis  of  variance (MANOVA) i s  a 
method mathematical ly and s tructural ly closely related 
to discriminant  analysis ,  but  which emphasizes the 
test ing of hypotheses of  similar i ty and difference 
among the centroids of  the a prior i  groups.  

The d ist inct ions just  made,  among class ical  
discriminant  analysis ,  canonical  varia tes analysis ,  and 
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MANOVA, emphasize the differences in applicat ions or  
goals  of  these variously named methods;  the underlying 
mathematical  s t ructure of  these three approaches is  the 
same LPorebski ,  19663 = However,  th is  model  is  
restrict ive in several  ways;  only l inear  relat ionships 
among continuous characters  are described,  and 
mult ivariate normali ty and homogeneity of  covariance 
s tructures are assumed.  Alternate approaches have been 
developed that  do not  make e i ther  of  the lat ter  
assumptions,  produce nonl inear  functions,  are computed 
on discrete data ,  or  are combinations of  these 
condit ions.  However,  the development of  such 
approaches by s tat is t icians has been largely directed 
at  procedures for  evaluation of the assignment of  new 
individuals  to groups—discriminant  analysis  proper.  
Stat ist icians have general ly not  been made aware of  the 
interest  of  systemat ists  in such a l ternate approaches 
for  the descript ion and low dimensional  display of  
group differences and relat ionships.  Therefore,  most  
discussion of methods outs ide of  the general  underlying 
model  is  in the sect ion below on discrimination in the 
restr icted sense.  

Before discussing the three orientat ions within 
discriminant  analysis  separately,  we describe the 
common underlying model.  In the general  case,  m 
variables are measured for  each individual  or  specimen 
known to belong to one of  the k groups.  There are n-j  
specimens in the f irs t  group,  n9  specimens in the 
second group,  and so on to n^ specimens in the kth or  
last  group.  An intui t ive understanding can be gained 
by considering f i rs t  a geometric  descript ion of what  i s  
done in the general  case.  Assuming mult ivariate 
normali ty within groups,  the same sample s izes,  and the 
same variance-covariance matrix within each group,  the 
f irst  step would be to think of  a  shearing and 
s tretching transformation of the space such that  the 
952 concentrat ion el l ipsoids become s pheroids.  The 
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maximum di spersion among the groups would now be 
summarized by a  principal  components analysis  of  the 
centroids!  The f i rst  principal  component  axis  of  
centroids in this  transformed space is  the f irs t  
canonical  variate axis  plot ted in this  space,  and the 
second component  axis  is  the second canonical  variate 
axis ,  and so forth .  And each individual  would have a 
score on each canonical  variate .  This view also makes 
understandable the number of  dimensions of  the results :  
the centroids wil l  be contained within a space of  k-1 
or  m dimensions,  whichever is  fewer,  just  as  in the 
case of  the individuals  in variable space in PCA. 

The discriminant  function axes in this  space are 
l ines connecting the centroids.  Consider a  point  
representing an unknown and previously unidentif ied 
specimen (unidentif ied in the sense of  not  yet  having 
been assigned to a group in the analysis) .  A cut off  
point  is  designated on each discriminant  function axis,  
usually at  the midpoint  between the centroids unless 
unequal  a  priori  weights  are assigned to the groups.  
The project ions of  the unidentif ied point  wil l  then 
fal l  on one side or  the other;  the point  is  assigned 
to that  group which is  determined by the classif icat ion 
rules [see Morrison,  1976:240] ,  A s im pler  p icture 
results  i f  one draws in,  instead,  the l ines 
perpendicular  to the discriminant  function axes,  
intersect ing the axes a t  the cutoff  point .  This  
divides the space into regions;  the region into which 
a  point  fal ls  determines i ts  group assignment.  

Another method for  assignment of  unknowns depends on 
the distance in the transformed space from the point  to 
each centroid:  the individual  is  assigned to that  
group to whose centroid i t  is  c losest .  This  distance,  
which is  a s imple Pythagorean distance in this  space,  
i s  the Mahalanobis distance in both spaces,  before and 
af ter  transformation.  (This  wil l  be demonstrated 
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shortly ,)  The classif icat ion functions avai lable in 
several  packages,  and the determination of  a  posteriori  
probabil i t ies  for  group assignment,  are based on the 
Mahalanobis distance from the point  to each centroid.  

In this  explanat ion of  the geometry,  we assumed 
within each group multivariate normali ty,  equal  sample 
s izes ,  and equal  variance-covariance matricess,  to  
simplify the descript ion.  If  the populat ions from 
which the samples were drawn are not  mult ivariate 
normal,  or  i f  one is  only interested in the data a t  
hand (and does not  intend any inference about  a  
populat ion),  the 95% c oncentrat ion el l ipsoids can no 
longer be est imated or  are not  relevant .  However,  the 
points  are s t i l l  there,  forming an aggregation in 
m-dimensional  space.  If  the variance-covariance 
structure varies among samples (even i f  the populat ions 
are normal) ,  the ini t ial  hyperel l ipses wil l  not  be a l l  
the same s ize nor or iented in the same d irect ions.  The 
t ransformation of  the space can s t i l l  be done,  but  the 
result ing scat ters  will  not  have become spheroid,  s ince 
the pooled variance-covariance matrix is  used,  thus 
transforming the space by an average of  the covariance 
s tructures.  Final ly,  i f  the sample s izes are unequal ,  
the orientat ions of  the canonical  variate axes wil l  be 
affected by the relat ive s izes of  the samples in the 
different  groups.  Although s ta t is t ical  inferences wil l  
not  be val id i f  these assumptions are violated,  an 
analysis  may s t i l l  be useful  for  descript ive purposes 
(see page 157 below).  

To lo ok at  a matrix representat ion of the procedure 
just  described,  le t  us go back to the k groups in the 
original  m-dimensional  space.  The vector  of  means for  
variables is  computed for  each group.  This  defines the 
centroid for  the group in the (k-1)-dimensional  space 
(or  the m-dimensional  space i f  m < k-1) .  The 
among-groups variance-covariance matrix and pooled 
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within-groups variance-covariance matrix Sy are 

computed as multivariate analogues of the among-groups 

mean square and within-groups mean square in a one-way 

analysis of variance. The canonical variates which 

summarize most of the variation among groups relative 

to the variation within groups are obtained from the 

eigenvectors of 

W 111 

as weighting coefficients for the variables. Equation 

{1} is frequently given in terms of the sums-of-squares 

and cross-products matrices, i.e. the corresponding 

variance-covariance matrices multiplied by their 

degrees of freedom. The analyses are equivalent. 

The eigenvectors of {1} define vectors of cosines of 

angles between the original variable axes and the 

canonical axes along which the canonical variate scores 

may be plotted (see the discussion of eigenvectors in 

"Principal Component Analysis", page 54). The scores 

of the individuals, plotted in two or three dimensions, 

give a visual demonstration of how good the separation 

is among the groups for the first two or three 

canonical variates, and thus give an indication of how 

well the discriminant functions will perform in 

assigning the original specimens to their proper 

groups, (For a large number of groups and variables, 

one may need to look at more than three axes.) While 

the canonical variate scores are uncorrelated for 

different axes, the canonical axes are usually not 

orthogonal in terms of the original data space. (The 

canonical variate axes, being axes for principal 

components among centroids, were orthogonal in that 

transformed space. If one transforms the data and axes 

back into the original space, the axes usually do not 

remain orthogonal.) The Euclidean distances between 

centroids in the canonical variates space have been 

named Mahalanobis distances, usually designated by D. 
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Mahalanobis distance squared may be defined for any two 

centroids and the pooled variance-covariance matrix as: 

D2=(X1-X2) 'SJJ1 (x1-x2) (2} 

where (x1-x2) is the vector of differences 

in means of the variables for the two groups. 

The linear discriminant function between two groups 

is a product of a discriminant coefficient vector and 

the vector of measurements for some individual i: 

xisw1(*r*2) 

The within-group variance-covariance matrix times the 

vector of differences in means between the groups is 

the discriminant coefficient vector. Assignment rules 

can be based on projections of points onto these 

discriminant function axes, or more simply, on the 

Mahalanobis distance squared between each individual 

and each of the k centroids. The specimen is assigned 

to that group to which its distance is smallest. In 

the output of many statistical packages, a posteriori 

probabilities are computed from the distances a new 

specimen is assigned to the group for which its a 

posteriori probability is greatest. 

Computational requirements: 

All of the discriminant analysis procedures require 

that the data have been assigned to a priori groups. 

This a priori classification of specimens in groups is 

based on variables other than those used in the 

analysis. The inverse of the ̂  matrix must exist, 

i.e. there must be more variables than the number of 

specimens minus the number of groups (m > n-k). 

Statistical assumptions: 
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In classical discriminant analysis, the discriminant 

procedures will be optimal if the data have a 

multivariate normal distribution within each group. 

Statistical tests in canonical variates analysis, and 

tests and confidence intervals for Mahalanobis D , 

depend as well on the assumption of equality of 

variance-covariance matrices among groups. There are 

tests for equality of variance-covariance matrices but 

they are sensitive to normality assumptions, and their 

use is not highly recommended (see discussion on 

Homogeneity in the INTRODUCTION). The robustness of 

the two-sample test for equality of centroids has been 

studied, as well as the behavior of the discriminant 

analysis procedures for two groups when normality 

assumptions and equality of variance does not hold [Ito 

and Schull, 1964 and Lachenbruch, 19753. 

Mahalanobis D is an estimate of the true Mahalanobis 

distance—the distance in the transformed, canonical 

variates space between the true means of the 

populations from which the samples are drawn. 

Mahalanobis D2 is a biased estimate of this true 

distance squared in that it is on the average too 

large. It may be corrected for bias [Marcus, 1966 and 

Rao, 19523. 

One will wish to know, for a discriminant analysis, 

how well the discriminant function performs. Note that 

"misclassifications" of individuals in the initial 

data, or other known individuals, are mistakes by the 

discriminant function; they cannnot logically be taken 

as mistakes in the a priori groupings (see page 17 in 

the INTRODUCTION). A summary of the assignments of 

specimens to groups may be given in terms of the number 

of correct and incorrect identifications in the form of 

a k x k contingency table. The probability of a 

correct assignment will be overestimated if such a 

table is based on the original data used to construct 
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the discriminant  analysis .  (Tne est imated error  
performance of  classical  discriminant  analysis  has been 
reviewed by Lachenbruch [19753.)  A mo re real is t ic  
assessment of  the probabil i ty of  error  wil l  be obtained 
from another test  data set  whose a  prior i  groups are 
also known, or  i f  one has suff icient  data ,  from a 
procedure of  spl i t t ing the data into a t raining set  and 
test ing set .  (Such a procedure is  available in a 
number of  the stat ist ical  packages.)  However,  when 
sample sizes are not  large,  the researcher is  usually 
unwil l ing to withhold such data from the original  
analysis .  The so-cal led "leave one out" or  " jackknife" 
procedures (available in BMDP) produce bet ter  est imates 
of  future behavior of  the discriminant  analysis  (see 
page 31 in INTRODUCTION, on jackknife est imators) .  

The procedures and tests  mentioned in this  sect ion 
are discussed in more d etai l  in the separate sections 
below. 

Discussion of  the applicat ions of  discriminant  
analysis ,  and the biological  assumptions involved in 
those applicat ions,  fal l  most  logical ly into three 
divisions (based on the goal  of  the analysis)  noted at  
the beginning of  the sect ion on this  method.  The 
variat ions that  have been developed for  various reasons 
(such as  stepwise discriminant  analysis ,  for  f inding 
maximally discriminating subsets  of  variables)  are 
discussed within the appropriate sect ions.  

1)  Mult ivariate Analysis  of  Variance 

In a taxonomic s tudy,  for  example,  in which the a 
priori  groups of  interest  are populat ions or  low level  
taxa,  the null  hypothesis  that  a l l  of  the groups have 
the same jo int  mean for  the variables measured is  a 
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mult ivaria te extension of the usual  one-way a nalysis  of  
variance test  for  equali ty of  K means [Sokal  and Rohlf ,  
1959;  Harris ,  19753.  I f  the assumptions of  
mult ivaria te normali ty and equali ty of  
variance-covariance matrices are val id ,  and i f  the null  
hypothesis  is  accepted,  one concludes that  the k groups 
of  individuals  represent  random samples from one 
s ta t is t ical  populat ion rather  than from k populat ions 
with different  centroids .  If  the null  hypothesis  i s  
rejected,  then one concludes there are some 
s tat is t ical ly s ignif icant  differences among the 
populat ions,  and that  some of  them have different  mean 
vectors  or  centroids.  

The m ultivariate tests  for  equali ty of  two or  more 
centroids (mult ivariate extensions of  the two-sample 
t - test  and k-sainple one-way analysis  of  variance) have 
as  assumptions that  the observat ions are mult ivariate 
normally dis tr ibuted with equal  variance-covariance 
matrices.  There is  not  ful l  agreeement on the best  
test  to use.  [See Morrison,  1976:222-224,  for  a 
comparison of  some of  the those most  frequently used.]  
Three of  the tests  proposed are functions of  the 
eigenvalues of  where Sy is  the 
variance-covariance pooled within groups and SA  is  
the variance-covariance matrix among centroids.  The 
test  s tat is t ic  usually presented in the s tat is t ical  
packages is  a function of  the product  of  the 
eigenvalues and is  cal led Wilk 's  Lambda.  However,  
there is  some dissat isfact ion with this  s tat is t ic  
because i t  is  possible for  one to reject  the null  
hypothesis  of  equali ty among a i l  the centroids and 
subsequently have diff iculty in f inding the s tructure 
in the data that  led to re ject ion [Harris ,  
1975:109-1133.  Also,  this  s tat is t ic  is  asymptotic ,  
which means that  large samples are required for  correct  
probabil i ty levels  (see page 33 in INTRODUCTION).  
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Another s tat ist ic used to test  the hypothesis of 
equali ty of the centroids (and also asymptotic) is  the 
sum of the eigenvalues of or the trace of 
this matrix0  This s tat ist ic is  also a weighted sura of 
al l  of the Mahalanobis D2  among the groups.  A thi rd 
stat ist ic,  strongly recommended by Harris [op.  ci t . ]  is  
based on the largest  eigenvalue of SAS"J1 .  In 
contrast  to the previously mentioned tests,  this 
largest  root test  is  an exact test ,  so extremely large 
sample s izes are not required for correct  probabil i ty 
levels.  The largest  root cri terion is  tabled in both 
Harris [1975] and Morrison [1976],  Both this test  and 
Wilk's  test  may be used to determine the number of 
significant canonical  variates.  If  the null  hypothesis 
of equality of centroids is  rejected,  this is  
equivalent to identifying the f irst  canonical  variate 
as significant.  Subsequent eigenvalues may t hen be 
tested in descending order of s ize.  

The next problem is  the assessment and 
interpretation of the nature of the differences among 
groups,  i f  the null  hypothesis of equali ty has been 
rejected.  I t  is  important to emphasize t he difference 
between s tat ist ically significant differences and 
biologically interpretable differences.  Very t iny 
differences will  be s tat ist ically significant if  one 
takes large enough samples.  We must then have some 
measure of the size of the difference (e.g.  
Mahalanobis D),  and some id ea of what that  difference 
means i n terms of the problem and the biology of the 
organisms being studied.  

There may be other null  hypotheses of interest  
besides equali ty of means.  Some a re suggested here in 
terms of the hypotheses tested and the method of 
analysis:  i )  Is  there the same amount of sexual 
dimorphism in the different groups? A tw o-way MANOVA 
would be appropriate to deal with this question,  
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looking at  group differences,  sex differences,  and 
their  interact ion.  i i )  If  the populations are 
distr ibuted on some geographic or  other  gradient ,  is  
there a cl ine? The form of  the cl ine may be tested by 
f i t t ing polynomial  regressions as  a function of  the 
distance in the form of l inear  contrasts  or  comparisons 
[Sokal  and Rohlf ,  1969:458-468;  Morrsion,  1976:32-36,  
197-204].  i i i )  Are groups of  populat ions different  on 
the average from other  such groups that  are separated 
by natural  barr iers? The d ifferences would be examined 
by various forms of  nested MANOVA, or  again by l inear  
contrasts .  These hypotheses and many ot her  possible 
hypotheses could frequent ly be a  pr iori  hypotheses 
s ince they would be suggested by one 's  knowledge of  the 
organism and their  environment.  

The appl ication of these kinds of  tests  are 
available in routines such as PROC G LM in SAS o r  other  
MANOVA pro cedures in other  packages.  They a re 
analogous to the same k ind of  tests  in univariate 
ANOVA, so that  a knowledge o f  those procedures is  a 
useful  prerequisi te  for  understanding MANOVA [So kal  and 
Rohlf ,  1969;  Snedecor and Cochran,  1967;  and Kleinbaum 
and Kupper,  1978],  Most  published applicat ions seem to 
be l imited to the one-way ANOVA n ull  hypothesis  of  no 
difference among centroids.  That  is  the only 
hypothesis  tested in the discriminant  analysis  
procedures in most  of  the packages.  

Once the results  of  the analysis  are in hand—the 
tables of  means,  the Mahalanobis distances,  and the 
plots  of  the canonical  variate scores for  the 
individuals  and centroids,  then addit ional  a  posteriori  
hypotheses may b e suggested.  For example,  comparing 
al l  pairs  of  groups,  is  analogous to the mult iple 
comparisons problem in s ingle variable analysis  [Sokal  
and Rohlf ,  1969:235-246],  However,  comparisons in 
MANOVA ar e more c omplicated than in ANOVA as  hypotheses 
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may be constructed involving both subsets of groups and 
subsets of variables.  A survey discussion is  given in 
Gabriel  [19693. A re latively simple technique for 
obtaining a conservative estimate of the overall  
probabil i ty associated with multiple tests of 
nypotheses can be obtained from t he use of the 
Bonferroni method discussed in Morrison [1976:135-136],  
Harris  [1975:98-101],  and in "Statist ical  Inference" in 
PURPOSES in this manual„ These references also give 
the general  approach for any a priori  or a posteriori  
comparison of interest ,  and Harris [1975: 104] gives a 
table useful for sett ing up such tests.  

A very general  multiple comparison procedure for a 
posteriori  comparisons over combinations of variables 
and groups based on the sums o f squares simultaneous 
test  procedure (SS-STP) has been developed by G abriel  
[19693 (see Harr is [1975:110] for a cri t icism of this 
procedure).  Morrison [1976:197-204] and Harris 
[1975:103-106] give methods for f inding confidence 
intervals for both planned comparisons and a posteriori  
comparisons after  the null  hypothesis of equali ty of 
group centroids is  rejected in a MANOVA. For example,  
equality of western and eastern subgroups,  or cl ines 
may be tested.  

A confidence interval may al so be obtained for the 
true A2 estimated by Mahalanobis D2  using the 
non-central  F-distribution.  This is  difficult  to do 
from the published tables of non-central  F;  Bargmann 
[1970] has given an algorithm which can be programmed 
to determine confidence bounds for A2. Simultaneous 

p confidence intervals for a matrix of D values can be 
obtained by using Bonferroni inequali t ies,  i ,e.  
adjusting the individual confidence to 100(1-cx/c) 

2 where c is  the number of D values.  
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2)  Canonical  Variates Analysis  
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Canonical  variates analysis  (CVA) is  the term widely 
used to refer  to a classical  discriminant  analysis  done 
with a goal  of  dimension reduct ion,  usually with 
results  expressed as a histogram or in bivariate plots .  
As pointed out  above in the descript ion of the general  
model  underlying MANOVA, CVA, and c lassical  
discriminant  analysis  proper,  assumptions of  
mult ivariate normali ty and equal  variance-covariance 
s tructure within each group are necessary for  
stat is t ical  inference,  or  for  the discriminant  
functions contained in the canonical  variates space to 
be optimally discr iminating.  One may u se the 
technique,  however,  with an exploratory intent ,  as  a 
method of  obtaining a low dimensional  display of  the 
groups in a  space which has been "standardized" by the 
"average" variance-covariance matrix (weighted by 
sample s izes within groups) .  

The e nt ire  canonical  variates solut ion for  k=3 
groups for  m>2 variables can be displayed on a 
b ivariate diagram, as  also can the entire  solut ion for  
k>2 groups and m=2 variables,  s ince the dimensionali ty 
of  the canonical  variates space (and equation {1} 
above) is  two in these cases.  Three-dimensional  
"diagrams" or  models  may b e constructed for  k=4 groups 
and any number of  variables,  or  for  any number of  
groups and m=3 variables.  For al l  larger  m and k,  a  
canonical  variates analysis  can be used as  a dimension 
reduct ion procedure,  s ince each canonical  variate 
summarizes as  much as  possible of  the variance among 
the centroids in the transformed hyperspace (see page 
146) orthogonal  to the previous canonical  variates,  
just  as  principal  components do among individuals  in a 
character  space.  Thus the f irs t  canonical  variate wil l  
summarize most  among-groups variance,  the second the 
next  most ,  and so on.  One hopes that  the major i ty of  
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among-groups v ariance relative to pooled within-groups 
variance can be summarized by relatively few can onical  
variates,  so that  the result ing discriminant space will  
be low dime nsional.  

If  there are m>3 v ariables and k>M groups in the 
analysis,  the distances among c entroids or specimens 
can no l onger be completely displayed in two o r even 

p 
three dimensions.  The Mahalanobis D~ between al l  
pairs of centroids may be part i t ioned into two 
parts—one related to the axes displayed (or found to 
be significant;  see "Statist ical  assumptions" below),  
and the other the residual part ,  computed for the 
remaining axes.  If  the residuals are small  then the 
intergroup distances have been well  represented by the 
low dime nsional display.  

Interpretation of canonical  variate coefficients is  
a difficult  problem. Since they are weights that  are 
multiplied by the values for the specimen in order to 
compute t he canonical  variate scores,  i t  is  expected 
that  one should be able to make meaningful statements 
about the importance of characters in the discriminant 
space displayed from their  examination.  However,  they 
only indicate overal l  directions of difference among 
centroids (except in the two-sample c ase) .  Their  
relative importance depends on the magnitude of the 
standard deviat ion for the character they weight .  
Standardized coeff icients,  obtained by m ult iplying the 
canonical  vector coefficients by the pooled standard 
deviation within groups for each variable,  are unit  
free.  They are the amount that  the canonical  variate 
score will  change for each change of an original  
variable by one standard deviat ion.  

The coefficient vectors are not orthogonal in the 
original  m-dimensional space.  In this respect they are 
l ike pattern coefficients in an obl ique rotation of a 
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factor  analysis  solut ion.  The c orrelat ion coeff icients  
between the original  variables and the canonical  
varia tes may a lso be found and are cal led s tructure 
coefficients  [Cooley and Lohnes,  1971:247-2483.  A 
diff icul ty with s tructure coeff icients  is  that  they 
have been defined in two ways:  one in terms of  the 
matrix S^;  the other  in terms of  the total  
sums-of-squares and cross-products  matrix [ ibid.;  
Bargmann,  19703.  

Discriminant  functions are defined and may be 
plot ted in the canonical  variates space.  The 
discriminant  functions are not  the canonical  variates 
nor the canonical  variate axes,  except  in the special  
case of  the two-group analysis .  In a  canonical  
variates analysis  of  two groups,  the single canonical  
variate axis  must  be coincident  with the l ine 
connecting the two centroids,  the single discriminant  
function,  s ince that  wil l  be the direct ion of greatest  
variat ion or  distance between the centroids in the 
transformed space.  In (k>3)-group canonical  variates 
analysis ,  the canonical  variate axes wil l  be in the 
direct ions of  maximum di spersion among the centroids;  
these direct ions wil l  very rarely be coincident  with 
any of  the l ines connecting pairs  of  centroids—the 
discriminant  functions.  

Programs for  discriminant  function analysis  in the 
s tat ist ical  packages do not  give the coeff icients  for  
the discriminant  functions themselves (except  when the 
canonical  variate coeff icients  are given for  the 
two-group case) .  What are usually given are the 
coeff icients  for  the classif icat ion functions ( the 
"discriminant  functions" in SAS),  which give a distance 
from an individual  to a group centroid.  The 
coeff icients  of  these class ificat ion functions may be 
combined in pairs  to form the discriminant  coefficients  
of  the discriminant  functions,  as  original ly defined.  
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The product  of  the vector  of  measurements for  an 
individual  and the vector  of  discriminant  function 
coeff icients  is  the score of  that  individual  on that  
discriminant  function.  

One potential  problem with scores for  canonical  
variates is  that  the canonical  coeff icient  vectors  used 
to compute them are based on the SA  matrix,  which is  
a weighted sum o f  squared deviat ions of  the group means 
from the grand mean.  This  means that  each group's  
contr ibution to the pooled variabili ty wil l  be 
proport ional  to the sample s ize in each group.  (Some 
computer  packages al low a choice of  weights .)  But this  
means that  the orientat ion of the canonical  axes will  
be affected by the relat ive sizes of  samples in the 
different  groups.  This  weighting does not  make muc h 
sense i f  the goal  is  to summarize intercentroid 
distances [Gower,  1966b and 1976].  Gower has suggested 
that  the dis tances among centroids wil l  be summarized 
bet ter  by a  principal  coordinates analysis  of  the k x k 
D2  matrix between a l l  pairs  of  groups.  D2  may a lso 
be corrected for  bias before doing a pr incipal  
coordinates analysis .  I t  may be noted that  the 
standard canonical  variates analysis  for  displaying 
centroids is  equivalent  to a principal  coordinates 

2 analysis  of  a  matrix of  weighted D values,  where 
D2  for  each pair  of  groups i  and j  would be 
mult ipl ied by n^nj/Cn^+nj)•  (For example,  with 
sample s izes varying from 5 to 25,  th is  can inf late a 
D2  for  two samples of  25 f ive t imes relat ive to a 
D2  for  two samples of  5 .  In general  this  effect  wil l  
inflate some D2  values by a maximum of  

nmax / nmin*  ̂  

* 
An a l ternat ive method would be to compute S A  

using unweighted sums o f  squares of  the group means 
about  the grand mean.  For equal  sample s izes over 
groups,  the two procedures would be equivalent .  
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(Reyment  and Banfield [1976]  have appl ied Gower 's  

suggested procedures  to  measurements  of  invertebrate  
fossi ls , )  A u seful  way o f  examining the dis tor t ions of  
the t rue dis tances  summarized in  the reduced dimension 
p lots  is  to  superimpose a  minimum spanning t ree  based 
on the D m atr ix.  Those centroids  which are  connected,  
but  are  each closer  to  other  centroids ,  must  have a  
substant ia l  d istance component  in  some d irect ion or  
direct ions not  explained by the dimensions included in  

the plot .  

Plo ts  of  the canonical  var iates  scores  are  commonly 

used to  display the scat ter  of  individuals  and the 
distance between the group means in  a  few dimensions.  

Equal  f requency el l ipses  may be superimposed on the 
graphs to  show the est imated bounds for  the variabil i ty  
of  the majori ty  of  each group (usual ly  95% o r  more) .  

I t  i s  suggested that  a  separate  bivar ia te  e l l ipse be 
computed for  each group separately for  plot t ing on the 

bivar iate  canonical  displays,  as  a  way of  viewing the 
project ion of  each group's  mul t idimensional  el l ipsoid 

onto the two-dimensional  p lot .  This  provides  a  method 

of  assessing the differences among the 
var iance-covariance matr ices  (which were t reated as  
homogeneous in  the analysis)  in  the canonical  space.  
The common pract ice  of  basing the e l l ipses  (or  ci rc les  
i f  the axes are  scaled to  have s tandard deviat ion one)  

on the pooled var iance-covariance matr ix  is  not  
recommended,  s ince such an e l l ipse or  c irc le  would not  
contain any information about  the specif ic  group.  

I f  the groups are  not  homogeneous,  i . e .  their  
var iance-covariance matr ices  are  di fferent ,  then the 

concentrat ion e l l ipses  wil l  have d ifferent  shapes.  In  
this  case concentrat ion c ircles  wil l  not  be 
appropria te ,  and the el l ipses  should be determined 

separately for  each group.  Confidence e l l ipses  or  
ci rc les  may a lso be determined for  the centroids  and 
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displayed on the plots .  Their  area is  a function of  
sample s ize,  get t ing smaller  as  n increases.  Tney 
should not  be confused with the concentrat ion el l ipses 
however.  Tne e st imated concentrat ion el l ipses ,  on the 
other  hand,  converge to the t rue populat ion 
concentrat ion el l ipses as n increases.  

Another very useful  graphical  procedure is  to plot  
project ions of  vectors  along the axes in the original  
var iable space on the plots  of  canonical  variates .  The 
vectors  may b e scaled to have length one in the 
original  coordinate space or  a  length proport ional  to 
the standard deviat ion.  The length of  the original  
vectors  must  be s tated for  the plots  to be 
interpretable.  Jol icoeur [1959] uses this  graphical  
display of  the relat ion of the original  variables to 
the canonical  axes in his  interpretat ion of the 
contr ibution of the original  variables to the canonical  
variates produced (1 vs.  2 and 3 vs .  4) .  Their  
re lat ive contr ibution can be determined from the graph 
without  having to look at  a table of  values ( they 
probably can be measured as  precisely on the graphs by 
the reader as  the amount of  information they convey 
warrants) .  

Tnere are tests  for  the number of  s ignif icant  
dimensions in the canonical  space.  These tests  are 
often automatical ly produced in the output  for  the 
various discriminant  analysis  procedures,  There is  not  
ful l  agreement on the best  test  for  this  purpose:  
Harris  [1975:108-1131 and Morrison [1976:222-224] 
discuss the al ternat ives;  see also the earl ier  
discussion in the sect ion on MANOVA. The tests  are al l  
asymptot ic  tests  (as long as k>2 and m>2),  requiring 
large samples for  determinat ions of  the correct  
probabili ty level ,  and thus for  many s tudies with small  
samples wil l  only be general  indicators  of  the number 
of  s ta t is t ical ly s ignif icant  axes.  Interpretabil i ty of  
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the pattern of differences is  also an important tool 
for evaluating the displays and the number of axes to 
retain and display„ 

Once the centroids are available as scores for the 
canonical  variates (as they are in many of the 

p 
outputs),  i t  is  useful to part i t ion D into a part  
explained by the dimensions retained and a part  not 
represented by the displays or tables kept.  This is  
simply done using the multivariate Pythagorean theorem 

p 
on the mean scores.  A scan of the residual D matrix 
for large D2  values ( larger than the bias for 
example) wil l  disclose groups that  are in dimensions 
not summarized by the displays,  or whose separation may 
be greater than that  i l lustrated by the displays.  

One c ommon practice,  probably used more in physical  
anthropology than elsewhere,  is  to plot  individuals 
(e.g.  "human" fossils)  on the displays derived from 
samples of supposedly related taxa.  This can be 
misleading. Even though the new i ndividual may f al l  
well  within the 95% co ncentration ell ipse of a specif ic 
group on the projection plotted,  i t  may in fact  be far  
from a l l  groups in the display,  perhaps in a direction 
perpendicular to the plot .  This is  easily checked by 
computing the distance from t he new i ndividual to all  
of the centroids included in the study. If  the 
distance is  small  for some group then i t  is  l ikely 
that ,  with respect to the variables measured,  that  
individual could come from the s tat ist ical  population 

2 for that  group. The fact  that  D has an approximate 
chi-square distr ibution can be used to estimate the 
probabili ty that  the unknown comes from a specific 
group. Rao (1965 :492) has provided a test  for the 
hypothesis that  an individual comes from a population 
whose ce ntroid l ies on a l ine connecting two groups'  
centroids.  
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Much o f  the usefulness of  canonical  variates 
analysis  l ies  in the production of  plots  of  the groups 
in a space of  reduced dimensional i ty.  Tne c alculat ions 
to produce the canonical  variate axes require pooling 
of  the variance-covariance matrices,  which may b e 
undesirable i f  the variance-covariance matrices are 
very different .  When the variance-covariance matrices 
are heterogeneous among groups,  quadrat ic  discriminant  
functions may be found for  discrimination between 
groups two at  a t ime.  The individual  
variance-covariance matrices for  each of  the groups are 
employed,  with the result  that  there is  no longer a 
s ingle transformed space in which to plot  a l l  the 

2 groups.  However,  Mahalanobis D' -  can s t i l l  be defined 
from each group with respect  to another,  as  well  as  a 
2 D between an individual  and a  group centroid,  using 

the separate variance-covariance matrices of  the 
groups.  The asymmetrical  matrix of  dis tances so 
determined can be represented in few dimensions using 
principal  coordinates or  non-metrical  mult idimensional  
scal ing.  Since the distances wil l  usually not  be 
metrics when there is  excessive heterogeneity in the 
data ,  one should be aware of  the possibi l ty of  
obtaining negative eigenvalues (see sect ion on 
"Principal  Coordinates" in METHODS, above) .  However,  
i f  negative eigenvalues are obtained and they are 
smal l ,  then the representat ion in a Euclidean space 
wil l  be an adequate summarizat ion.  

3)  Discrimination 

Classical  discriminant  analysis  has the goal  of  the 
assignment of  unknowns to predefined groups.  This  
applicat ion is  perhaps the least  common in systematics,  
al though the largest  effort  has been expended on i ts  
theory in the stat is t ical  l i terature.  However,  the 
identif icat ion of unknowns is  a quest ion of  major 
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interest in many disciplines,, If groups have been 

found to be different under a priori or a posteriori 

tests of hypotheses, then subsequent questions of 

interest might be about the amount of overlap between 

groups, the combination of characters which most 

accurately identify individuals to the groups 

identified as different, or the probability of error in 

identifying these new individuals to the defined 

groups. The first and last questions are of course 

intimately related: if there is no overlap (and 

unlikely to be) then there will be little or no error 

in assignment of new unknowns, provided they belong to 

one of the groups in the study. 

In classical discriminant analysis, the most useful 

descriptive statistic for summarizing intergroup 

differences is Mahalanobis distance, D, or distance 
p 

squared, D 0 The values of the statistic are usually 

given in the form of a k x k table comparing each group 

with all others. An examination of this table will 

indicate the separateness of some groups, or the 

clustering of others. In fact a cluster analysis of 
p 

groups may be based on the D or X) matrix [Rao, 

1952]. 

Most of the discriminant procedures available in the 

statistical packages compute the Mahalanobis distance 

from each individual to the centroid of each group: 

the individual is put in the group to which is closest. 

These distances or functions of them are usually given 

as "classification functions". New individuals may 

also be identified in this way, with respect to the 

groups defined in the analysis. However, the distance 

may be large between an individual and all groups under 

consideration. In that case the individual should not 

be assigned to a group, but should be placed in a 

category "other". (Unless such a category is included, 

the restrictive assumption is required that all 
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individuals belong to one of the k groups in the 
analysis;  this would seem to be frequently unrealist ic 
for many systematic applicat ions.)  The actual  D or 
D2  value for each individual can be scanned for 
excessively large values.  D2  is  approximately 
chi-squared distributed with m degrees of freedom so 
that  if  al l  of the D2  values for any given individual 
are larger than some c utoff (x^99 f f n  o r  l a r8 e r  f° r  

example) than the individual can be assigned to the 
category "other".  In this case,  the "other" 
individuals wil l  be outl iers and may only show up on 
plots of canonical  variates associated with the smaller 
eigenvalues or in the results  of techniques such as 
Andrews plots.  For example Andrews [19723 was a ble to 
distinguish an outl ier  fossil  primate Proconsul 
africanus as belonging to neither "human" or "ape" 
groups by i ts  oscil lat ion among groups in the plot .  
The original  authors had determined that  Proconsul 
africanus was more ape-like from their  plots of the 
f irs t  two ca nonical  variates determined from eight 
measurements o f the f irst  permanent lower premolar.  

The a posteriori  probabili t ies of group membership 
display relative distance information in that  they are 
the relative probabili t ies of obtaining the distance 
from a point  to each centroid.  The a posteriori  
probabili t ies always sum to one because of the 
construction of the equation defining them, and will  
therefore not be a good source of information about 
specimens which don' t  belong to the k groups.  

Rao [19653 has provided a test  s tat ist ic to test  the 
hypothesis that  a given OTU belon gs to one of two 
groups in a discriminant analysis.  We know of no 
application of this test .  

If  multivariate normality assumptions are valid than 
Mahalanobis D can be used to roughly estimate the 
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amount of overlap and error for medium to large 
samples.  Since the probabili ty of error of assignment 
may be determined by using A /2 (the parameter 
est imated by D/2) as a normal variate ,  D/2 (for large 
samples) may be used as a rough guide to the amount of 
overlap between groups.  For example a A value of 3.29 
implies about 5% error of assignment.  (A /2=1.645 is  
the one-tailed cutoff point  for 5% of the distr ibution 
in the tai l  of a normal variate with mean zero and 
standard deviation one,  i .e.  the normal distribution 
usually tabled.)  D i s  actually a biased estimate of 
A; the correction for the bias is  given in Marcus 
[1969] and Rao [1 952],  A be tter  way t o estimate the 
error is  by actual ly finding the proportion of errors 
in assigning new kn own individuals to the groups using 
the empirical ly determined discriminant functions.  
This can be done by d ividing the sample into two 
groups—one used for f inding the functions,  and the 
other for test ing i t .  However,  the researcher seldom 
has large enough sam ples to afford this procedure.  
Leave-one-out (or so-called "jackknife") procedures 
have been developed [Lachenbruch, 1975 and available in 
BMDP] which e ssentially determine the discriminant 
functions leaving one OTU out and then assign i t  to i ts  
closest  group. The proportion of errors for each group 
then gives a better  estimate of the probability of 
error for future assignments than one based only on the 
usual procedure using the init ial  data.  

If  some v ariables are not useful,  or contribute 
l i t t le to the analysis this can be tested,  ei ther by 
using stepwise type procedures (see methods above ) or 
by d eleting characters from the discriminant function 
and test ing the reduction in distance and 
discriminat ing abil i ty Rao [19 70] and K shiragar [1972],  
Variables which do not contribute to the discrimination 
may ac tual ly decrease the abil i ty of the discriminator 
[Van Ness and Simpson, 1976],  Ridge type discriminant 
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procedures have been described when c haracters  are very 
highly correlated within groups.  This  has been 
recently applied in the use of  discriminant  function 
analysis  in a s tudy of  habitat  ut i l izat ion by woodrats  
[Cavallaro,  Menke and Will iams,  in press] .  There has 
been a lot  of  interest  in identifying sui table habitat  
for  various species in wildl i fe  management using 
discriminant  analysis  and some of  the newer techniques 
such as  robust  discriminant  analysis  are being applied 
[Harner and W'nitmore,  in  press] .  In order to reduce 
the number of  variables in a discriminant  analysis ,  
s tep-wise discriminant  analysis  procedures have been 
developed to f ind subsets  of  "best"  discriminating 
variables.  This  is  analagous to step-wise regression.  
SPSS and BMDP b oth have step-wise discriminant  analysis  
procedures.  A wide variety of  "stepping" cr i ter ia  are 
available .  If  the default  cri terion in BMDP i s  used 
for  example,  the f irs t  variable added is  the one which 
gives the maximum F in a one—way a nalysis  of  variance 
over groups.  Since F is  the rat io of mean square among 
groups to mean square within groups,  i t  is  equal  to a 
univariate formulat ion of  S^S^ and yields the 
best  s ingle discriminating variable.  The next  variable 
included adds most  to  the discrimination contr ibuted by 
the f i rs t  variable included.  On addit ional  steps,  a  
variable may be included i f  i t  significantly 
(s ignif icance level  chosen by the user)  adds to the 
discrimination.  After  a  variable is  added,  one of  the 
variables already in the analysis  may be deleted if  i ts  
delet ion does not  change the discriminat ion 
signif icantly.  In this  way a  discriminant  procedure 
may be developed based on relat ively few of the 
variables recorded.  As w ith al l  step-wise procedures,  
an optimal solut ion is  not  necessari ly found.  The 
performance of  the variables included in the analysis  
can be assessed using the "leave-one-out" procedure.  

All  of  the test ing procedures described so far  
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require the assumptions of  mult ivariate normality and 
equal  variance-covariance matrices within groups.  When 
the variance-covariance matrices are not  equal  but  the 
populat ions are s t i l l  mult ivariate normal (graphical ly,  
the 95£ (or  other  probabil i ty)  concentrat ion el l ipses 
have different  orientat ions or  s ize),  the opt imal 
discriminant  function is  the so-cal led "quadrat ic  
discriminant  funct ion".  I t  involves a larger  se t  of  
discriminant  coeff icients  which are mul t ipl ied by 
values for  the variables as  well  as  their  squares and 
cross-products  for  an individual  specimen,  A qu adrat ic  
discriminant  function,  however,  is  not  associated with 
a canonical  variate for  displaying the relat ionships of  
the groups and specimens,  because a single,  t ransformed 
space is  not  produced to permit  plot t ing the data.  
Mahalanobis D-l ike s ta t is t ics  as descript ive s tat is t ics  
comparing two groups are not  direct  results  of  this  
procedure.  Actually,  even when the variance-covariance 
matrices are different  in various groups,  the 
discriminant  functions approach based on assignment to 
the group with the smallest  D" (computed using the 
variance-covariance matrix of  that  group) is  s t i l l  
val id provided the data are reasonably mult ivariate 
normally distr ibuted.  Wnen this  assumption is  not  
val id,  the technique may s t i l l  be used provided that  
the errors  of  ass ignment are small  (from test  data sets  
or  leave-one-out  type procedures) .  Besides classical  
discriminant  analysis ,  which is  optimal when normali ty 
and variance assumptions hold,  a  number of  procedures 
have been developed for  discriminat ion which are free 
of  distr ibutional  assumptions,  or  are defined for  
discrete or  mixtures of  d iscrete and continuous data.  
Some of  the methods have been developed in relat ion to 
the problem of pat tern recognit ion [Chen,  19733•  We 
are unaware of  any of  these having been used in 
systematics,  though some applications have appeared in 
the geological  l i terature.  None o f  these methods are 
associated with low dimensional  plots ,  i .e .  
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canonical-variate-l ike procedures,  which summarize 
intergroup distances.  However,  i t  is  possible to 
define some kind of distance statist ic which could then 
be analyzed using principal coordinates analysis or 
nonmetrical  multidimensional scaling.  Since al l  of the 
methods de termine errors of assignment between pairs of 
populations,  then one minus the estimated error 
probabil i ty for each pair  of groups can be used as a 
kind of "distance" measure.  A non-para metric 
discriminant analysis procedure developed by Fix and 
Hodges [19593 called nearest  neighbor discrimination is  
available in SAS. The Euclidean distance squared (or 
optionally Mahalanobis distance squared defined in 
terms of the total  variance-covariance matrix instead 
of 3W)  is  used to relate each specimen to every other 
specimen in the analysis .  For each specimen to be 
assigned the distances to i ts  k nearest  neighbors are 
found, where k is  chosen by the user.  The specimen is  
put in the group which has the largest  proportion of 
neighbors among the k nearest  ones.  There may be a 
t ie ,  as the proportion may be the same for two or more 
groups.  If  the proportion of near neighbors for al l  
groups is  less than a threshold the specimen may be put 
into group "other".  One may al low for a priori  
probabil i t ies as in classical  discriminant analysis .  A 
contingency table summarizes a ssignments in the form of 
the number and proportion of correct  and incorrect  
assignments for each group of specimens as in classical  
analysis.  

A method developed from pattern recognit ion 
applications has been used for discrimination in 
geology [Howarth,  19733. This approach, called 
adaptive pattern recognition,  depends on dividing the 
data set  into training and testing subsets.  The 
training set  is  used to empirical ly "estimate" the 
probabil i ty distr ibution of each group. Each specimen 
of the test  set  is  assigned to the group for which i ts  
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"probabili ty" is  greatest .  The procedure is  evaluated 
by ex anining the number of correct  and incorrect  
assignments.  I t  would seem that  large data sets would 
be required,  but Howarth [19733 obtained excellent 
results  with relatively small  sample sizes.  This 
method has also been d iscussed by Habbema and Hermans 
[19773. 

When the observed variables are not continuous but 
are counts or discrete variables with a range of 
values,  and the assumption of multivariate normality is  
clearly violated,  classical  discriminant analysis may 
s t i l l  perform sat isfactori ly.  However,  c lassical  
discriminant analysis is  in theory unsuitable for 
binary (0/1) data or discrete data.  Special  techniques 
are available for these circumstances and for mixtures 
of continuous and discrete variables in Lachenbruch and 
Goldstein [19793. However,  systematists  seldom have 
large enough sample sizes to use these techniques.  A 
series of procedures for this type of data are also 
summarized in the book "Discrete Discrimination" by 
Goldstein and Dillon [19783. When the data is  a mix of 
discrete,  0/1 and continuous variables hybrid 
procedures may be used or a procedure called logist ic 
regression may be used.  This method is  related to the 
log-linear model for contingency tables (see discussion 
under "Multiway Contingency Tables" in METHODS). 

Summary of terminology and recommendations:  

The term discriminant analysis is  used for those 
procedures where the matrix data has been divided into 
groups of individuals on the basis of an a priori  
classification.  The purpose of the analysis may be to 
set  up a ssignment or identificat ion rules for 
addit ional specimens whose group membership i s  unknown, 
or i t  may be used to describe the differences among 
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groups in terms of  the relat ive success of  identifying 
the correct  group assignment of  the original  specimens.  
This  is  direct ly related to their  dist inctness,  i .e .  
distance apart ,  relat ive to their  within-group scat ter .  

A dis play of the specimens in a space of  reduced 
dimensions which summarizes the abil i ty to discriminate 
the specimens and centroids is  obtained through 
plot t ing them on canonical  variate axes.  The new 
variables are cal led canonical  variates and this  form 
of  the analysis  is  sometimes cal led canonical  variates 
analysis .  The c oeff icients  which are used to compute 
the canonical  variates scores are cal led canonical  
variate coeff icients  and the correlat ions between the 
original  variables and the canonical  variates have been 
cal led s tructure coeff icients.  (Some workers res tr ict  
discriminant  analysis  to two group discriminat ion and 
cal l  k-group discrimination "mult iple discriminant  
analysis" .  We s ee no reason for  this  dist inct ion.  I t  
is  analagous to dist inguishing two-sample tests  on 
means from k-sarnple tests  in the analysis  of  variance,  
or  using "mult iple factor  analysis" to dist inguish 
models  with two or  more factors  from factor  analysis  
extract ing one factor.)  

Mahalanobis D 2  is  the Euclidean distance squared 
in the canonical  space when the canonical  variates have 
al l  been scaled to have a variance or  standard 
deviat ion of one within groups.  This  distance squared 
is  also sometimes cal led the general ized distance (e.g.  
in 3AS79).  

The greatest  confusion ar ises over the terminology 
related to the term "discriminant  function".  For 
example SPSS and Jol icoeur [1969] call  the canonical  
varia te coefficients  "discriminant  function 
coefficients" and BMDP c al ls  them " coeffic ients  for  
canonical  variates".  Original ly "discriminant  
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functions" referred to functions (of  the original  
variables)  used to part i t ion the mult ivariate space 
into regions for  assignment of  specimens to groups 
[Morrison,  1976:239-2453.  This  is  the usage we wish to 
cont inue.  For k groups there are k regions (not  
including "other")  and k(k-1)/2 "discriminant  
functions" in this  sense.  SAS u ses the term 
"discriminant  function" in a different  but  related 
sense,  to refer  to a function (of  the original  
variables)  used to determine how f ar  each specimen is  
from each centroid.  BMDP and SPSS on the other  hand 
cal l  the same f unction a "c lassif icat ion function",  
which is  the term we recommend.  A pr ior i  probabil i t ies  
may a lso be accounted for  in functions of  e i ther  
defini t ion,  but  drop out  when the a priori  
probabil i t ies  are equal—the usual  case in systematics.  
There are k such discriminant  functions when t here are 
k groups.  The values of  these classif icat ion functions 
are the Mahalanobis dis tances of  the specimens from 
each of  the group centroids;  i t  is  these distances 
squared that  are used in the c lassif icat ion rules.  
Final ly in the two-group case,  and only in the 
two-group case,  the canonical  variate coefficients  
and the discriminant  coefficients  may be the same. 
Some researchers have combined the terminology and 
cal led the analysis  "canonical  analysis  of  
discriminance";  this  term does not  seem useful  to us.  
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Stat is t ical  packages and computer  programs: 

BMDP77 SAS79 

NEFF and MARCUS, 1980 

SPSS (Release 3)  

1.  Stepwise Many s tepping 
options 

Not available Many s tepping 
options 

2 .  Covariance 
used for  

discriminat ion 

Pooled Pooled 
or  

separate 

Pooled 
or  

separate 

3.  Priors  1/k*,  
specif ied 

1/k*,  1/k*,  
specified,  specif ied,  

prop,  to 1/n^ prop,  to 1n^ 

4 .  "Classif icat ion 
functions" 

Yes Yes (form depends 
on pooling) 

Yes 

5 .  Canonical  variate Yes 
coeff icients  

No Yes+  

6.  Centroids for  cva Yes No Yes* 

7.  Can.  var .  scores Yes No Yes 

8c Classif icat ion 
table 

Yes,  a lso 
jackknife 

Yes Yes 

9.  
p 

Mahalancbis  D~ 
for  centroids# 

pairwise F yes i f  pooled 
in 2)  above 

pairwise F 

10.  Test  data or  
cross-valid.  

Yes Yes No 

11.  General  tests  
available 

Wilks Lambda Het .  of  cov.-var . ,  Het .  of  cov.  var .  
contrasts  etc.  in Wilks Lambda 
MA NOVA in PROC G LM 

120  Non-parametric  
discriminat ion 

PROC N EIGHBOR 

13.  Logist ic  
discrimination 

procedure 
P3F 

PROC F UNCAT 

14.  Plots  Histogram if  k=2,  none 
can.  var .  scores 

Histogram if  k=2 
2 can.  var .  score:  
terr i toral  map 

15.  Classificat ion 
results  

D7 to  each 
group,  
a  posteriori  
probabil i t ies  

a posteriori  
probabil i t ies  

2 D. to  each 
group;  pro£.  
based on D ;  
a posteriori  
probabil i t ies  
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a 
16.  Eigenvalues and Yes 

of  
in PROC G LM values 

only 

17.  Special  features Varimax 
rotat ion.  

Missing data options;  
s tructure coefficients  

* defaults  

+  Prior  to release 8,  SPSS sc aled the canonical  variates so that  
their  variance over a l l  cases was 1;  now t he variance is  one within 
groups.  This  affects  the canonical  variates coefficients  (standardized 
or  not) ,  the plots—for example the dis tances between centroids are 
now D un its  apar t .  

# Mahalanobis D2  is  only available in SAS i f  the variance-covariance matrices 
are pooled ( i t  may also be calculated from what  is  given in the output  s imply).  
F is  given in the other  two packages.  
D may be obtained from: 

(n-k)m(n1+n 2)  

* 





P U R P O S E S  

DATA SCREENING 

There is a place for multivariate analysis at early 

stages in a study in addition to those analyses 

published to support taxcnomic conclusions. One such 

early application is data screening: looking for errors 

in the data which may arise from measurement error, 

recording error, mis-identified specimens, etc. 

Screening also includes a search for outliers—values 

that are extreme for any reason including error. 

Dempster [1971:341] has called this general topic "data 

cleaning", i.e. the "search for outlying values or 

values otherwise known to be impossible". Univariate 

statistical screening and visual examination of 

bivariate scatter plots are widely and successfully 

used for this purpose. Multivariate methods that 

depend on interpoint distances have also been found 

useful for error and outlier detection. One looks for 

observations that "stick out" (Rohlf, 1975)—that is, 

observations that are peripheral to the mass of data 

and have excessive interpoint distances relative to the 

average interpoint distances. The search procedures 

will be most powerful when applied to homogeneous data 

sets—a group of specimens from one locality or of the 

same sex, for example. 

The probability that an observation was drawn from 

the population represented by the sample can be 

estimated (at least for multivariate normal data). The 

Mahalanobis distance squared, D^, of each point from 

the population centroid has a chi-square distribution 

with degrees of freedom equal to the number of 

variables m, if the true variance-covariance matrix for 

the population as well as the true population mean is 
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known. D2 computed from the sample centroid (now 

estimating the variance-covariance matrix) will have 

approximately a chi-square distribution for large 
p 

sample sizes. Values of D may be compared to tabled 

chi-square values and the probability of exceeding the 

corresponding chi-square value determined and used to 

flag suspect OTUs. 

The values of Mahalanobis distance squared computed 

by BMDP (as part of the principal components routine) 

are divided by the number of variables; i.e. a value 

for D2/m is given for each OTU. These values may be 
p 

more easily interpreted since DVm will be near 1.0 

when the point is part of the cluster, and values for 

outliers will be much larger. (Dc/m is approximately 

distributed as chi-square/m, tabled in Dixon and Massey 

[1969:466-457]. Probabilities may also be looked up in 

any table of the F-distribution where the observed 

D2/m is compared to the tabled value of F for m 

(numerator) and infinite (denominator) degrees of 
p 

freedom.) D^/r is also part of the BMDP output, 
p 

where D£ is the Mahalanobis distance squared from 

the centroid of the data cloud in the r-dimensional 

space defined by the r principal components (chosen by 

whatever stopping rule is used). Similarly 
p 

D^_r/(m-r) is given for OTUs in the m-r residual 

components space. These latter values may be used in a 

relatively powerful test for detecting errors, or 

outliers, since OTUs with erroneous values are expected 

to have high D2_r/(m-r) values. Hawkins [1974] 

has given a chi-square test for D^_r/(m-r) values 

of OTUs on the residual components. However for this 

test to approach approximately correct significance 

levels (an alpha equal to .05 was used), more than 50 

OTUs for 5 variables and many more than 300 OTUs for 20 

variables were required. With smaller sample sizes, 

the probabilities are underestimated and more points 

will be assigned to a tail of a distribution containing 
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points "significantly" far from the centroid than 

should in fact be assigned there. An alpha of .05 

means that, on the average if one's data is 

multivariate^ normal, 5% of the data will appear 
significantly far from the centroid by chance alone. 

This will be true even if the sample size is large 

enough so that the probabilities are correct. 

Tnerefore the D^/m values given in the BMDP 

output can only serve as a rough guide to errors or 

outliers for individual OTUs. Most sample sizes 

available to systematists (especially when the need for 

homogeneous subsets is considered) will not be large 

enough to correctly determine significance 

probabilities for this test. 

Rohlf [1975] has proposed a "generalized gap test" 

for detection of multivariate outliers based on an 

assumption of multivariate normality for the data. The 

test involves finding a minimum spanning tree 

(MST) based on the interpoint distances among OTUs. A 

visual examination of the lengths of the edges of the 

MST is recommended through use of a quantile plot 

[Gnanadesiken, 1977:196-207]. A test based on the 

largest squared length associated with the most 

peripheral observation is given. Rohlf gives a table 

of approximate percentage points for this test for 

sample sizes of 20-200. (See Rohlf [1975] for 

additional details and Warde and Norton [1977] for 

comments, and Rohlf [1977] for a reply.) 

Perhaps as one motivation for searching for 

outliers, it might be noted that the outliers may be 

sticking out in dimensions containing little of the 

variation within the rest of the sample. Consider a 

three-dimensional example where all but two individuals 

lie in a thin pancake-shaped cluster in 3-space, while 

the two outliers are a large distance above the 

cluster. An adequate summary of the variation in the 
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total data would require three components or axes, 

while a good summary of the variation in the main body 

of the sample excluding the two outliers could be 

accomplished in two dimensions. The more usual 

situation probably involves a few outliers not so far 

away, so that the variance they contribute is 

explained, for example, by some of the smaller 

components in a principal components analysis. The 

conclusion, however, is that a data array with one or 

just a few outliers might fit in a lower dimensional 

space if the outliers are removed from the analysis. 

Gnanadesikan [1977:260-266] has suggested that plots 

of the scores on the principal components corresponding 

to the small eigenvalues be examined for outliers. The 

last few components define homogenous, in the sense of 

small variance, variables which will produce tight 

clusters if there are no outliers. This procedure 

provides visual support for the test suggested by 

Hawkins [1974], described above. 

Less formal methods of checking one's data for 

errors are frequently also a good idea. Even before 

examining bivariate plots and checking the range and 

other univariate descriptive statistics, merely listing 

one's data through a print procedure (such as PROC 

PRINT in SAS) will produce a list of error messages 

flagging some "typos", such as non-numeric characters 

or inconsistencies in formatting. One of us has also 

found that log-ratio diagrams [Simpson, 1941] have been 

very useful for flagging erroneous values, especially 

key-punch errors. These diagrams summarize shape by 

plotting the ratio between an individual's measurement 

and the value for an individual or taxon mean chosen as 

a standard for each variable considered. Erroneous 

values frequently do not follow the general pattern for 

a sample and "stick out" on the diagram. Particular 

methods such as this are a matter of personal choice; 
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however, it is in general a good practice to decide on 

some screening procedures to use routinely prior to 

submitting a data set to a complicated analysis. The 

familiarity with the data gained in the process will 

also facilitate choice and interpretation of subsequent 

analyses. 

DATA REDUCTION 

Data reduction is motivated by two rather different 

objectives, with only a partial overlap in methodology 

to achieve these goals. 

1) One may wish to reduce the number of variables or 

OTUs in a study prior to a major part of the analysis. 

For example, one might want to discard redundant 

variables to reduce the number of measurements that 

must be taken on subsequent specimens measured. 

Another intent could be to reduce the number of 

variables for an analysis in which the sample size 

relative to the number of variables is important (see 

discussion of "Sample size" in the INTRODUCTION) but no 

more specimens are available for measurement. 

Reduction of the number of OTUs or observations may be 

required prior to phyletic analyses, for example, since 

an algorithm may be costly and time-consuming when the 

number of OTUs is high. 

2) Alternately, one's goal may be to produce a 

summary of one's data in a reduced number of 

dimensions, as a result of the analysis. All of the 

original variables are generally used in the analysis, 

while the results are summarized by a few new variables 

which are combinations of the original variables. 

Reasons for such summaries include the production of 

two- or three-dimensional plots for visual examination. 
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or the production of summary statistics for 

interpretation or even subsequent numerical analysis. 

1) Reducing the number of original variables or OTUs: 

Relatively few variables may be needed to display 

patterns of data or clearly differentiate among taxa, 

although measurements for many variables are frequently 

recorded in the initial stages of a study. However 

determination of which subset of the original variables 

is indeed sufficient can be a very difficult problem. 

For example, depending on the nature of the 

correlations among variables and the partitioning of 

variance and covariance among and within taxa, it 

generally cannot be predicted, on the basis of mere 

examination of the data matrix or variance-covariance 

matrices, which few or more variables will best 

summarize the differences. However, an effective 

method is to employ stepwise procedures for 

discriminant analysis, analogous to those used in 

regression to segregate a smaller group of variables 

that are potent discriminators among the a priori 

groups. When using stepwise procedures, one must 

always take into consideration that they may not find 

the most discriminating subset of variables, since 

reaching a local optimum is a possibility. 

The magnitude of the loadings of variables on the 

canonical variates produced in a classical discriminant 

analysis have been sometimes used as a criterion for 

defining subsets of r variables intended to maximally 

discriminate among the groups. This, however is not 

recommended, since the linear combination of the r 

variables that maximally discriminates among groups 

does not necessarily contain the same coefficients for 

the same r variables loading maximally on the canonical 

variate(s) constructed from all m variables (see 

Bargmann [1970]). 
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Several statistics and statistical procedures can 

serve as guides to the retention of a subset of 

variables to be measured in a larger study based on a 

smaller sample pilot study. The choice partially 

depends on the goals of the study and how much one is 

willing to extrapolate from data that might seem to be 

"typical" for the complete study. For example, if the 

pilot study is on just one species—will the subset of 

measurements behave in the same way in a group of 

closely or more distantly related species? In a 

homogeneous data set, redundancy of variables may be 

determined by multiple correlations of each variable 

with all others. If the values for one variable are 

predicted with small error from all of the rest, then 

it might be removed from the larger study. 

Factor analysis is another useful way to find how 

much the association among variables can be explained 

by a relatively few of the original variables. 

Although rotation to a simple structure solution in 

factor analysis is more often used to produce a few 

hypothetical variables summarizing the original 

variables for plotting or presenting results, the 

results of such a study may also provide a basis for 

choosing a subset of the original variables for further 

manipulation. If single variables or a small number of 

variables, highly correlated with one or a few factors, 

can adequately represent the data then that smaller 

subset may be retained. Sokal and Rinkel [1963] 

discuss the choice of single characters to represent 

factors and the use of simple combinations of original 

variables for data presentation. In a study of 

geographic variation over the eastern United States 

using 17 variables, they retain 3 factors for 

interpretation. They use the simple average of three 

different standardized variables to represent factor 

scores for each of the three factors in the plots of 

variation over geography. They also compute locality 
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means of these factor scores and use the SNK multiple 

comparison test [Sokal and Rohlf, 1969:239] together 

with the plots of their factor scores to define 

intraspecific populations. This approach requires 

establishing a criterion for selection of the variables 

to be used in computing such ad hoc scores; such 

criteria should always be stated explicitly in 

publication of the results. 

If regression procedures are going to be used in the 

larger study then some form of stepwise procedures or 

all possible regressions will find subsets that may do 

well (however see some of the dangers of this procedure 

in the METHODS section on "Multiple Regression"). In 

multigroup studies, one may be interested in testing 

hypotheses using MANOVA, employing discriminant 

analysis for identification, or producing through 

canonical variates anlysis a display of among-group 

differences and overlap. In all these cases, stepwise 

procedures can be used to reduce the number of 

variables that accomplish the purpose desired. In fact 

some of the stepping criteria are designed in terms of 

the purpose of the study, though these seem to be 

seldom used. For example in BMDP, if one were 

interested in discrimination of sexes but were studying 

several geographic populations or species, then the 

choice of variables in stepping can be made to optimize 

the discrimination between sexes even though several 

species or populations are included as discrete groups 

in the analysis. 

The techniques for reducing large numbers of OTUs to 

a more manageable number are functions of the nature of 

the study or seem to be ad hoc. In biological studies, 

the mean value of each character for the populations or 

species is frequently used, but the criteria for 

delimiting each population or species are often left 

unstated, vague, or arbitrary. And in phylogenetic 
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studies, the steps involved in evaluating within taxon 

variability relative to among variability are rarely 

given, although there such an evaluation is usually the 

basis for the delimitation of species. 

In geographic studies involving large numbers of 

individuals at lower taxonomic levels, locality or 

quadrat means are frequently used to represent the OTUs 

[Kennedy and Schnell, 1978; Best, 1978]. This 

practice has the additional advantage of essentially 

removing the problem of missing data. While specimens 

may be missing individual measurements, there is 

usually enough information on each character to compute 

a reliable mean (in the sense of small standard error) 

for the locality or area. The appropriateness of this 

kind of summary can be tested by nested analysis of 

variance techniques [Sokal and Rohlf, 19691 on 

individual variables and by extension to m variables by 

nested multivariate analysis of variance. If several 

nested geographic levels are used this would be an 

appropriate exploratory technique for choosing the 

appropriate size of region for agglomeration. Uneven 

sampling and missing data would complicate this 

approach. 

2) Dimension reduction: 

Bivariate scattergrams have been an excellent 

technique for summarizing relationships between 

variables and disclosing patterns using variables two 

at a time. However, the number of scattergrams 

required to display all bivariate patterns increases 

roughly with the square of the number of variables, m. 

(Tne exact formula for this number is m(m-1)/2.) While 

10 scattergrams are needed to show the patterns for 5 

variables, 190 scattergrams are necessary for 20 

variableso Therefore, one of the most useful purposes 

of multivariate analytic methods is in dimension 
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reduction—producing a fewer number of new abstract 

variables or dimensions to table and plot for examining 

relationships of OTUs and presenting results. Tnese 

new variables are usually linear combinations of the 

entire set of orignal variables. PCA, principal 

coordinates, factor analysis, multidimensional scaling 

and related methods may all be used to reduce the 

number of dimensions in the data to a comprehensible 

few. Discriminant analysis may also have a similar 

goal. 

PCA will summarize the largest portion of overall 

inter-OTU variability in the least number of 

dimensions. In graphs of the PCA scores for these 

dimensions, clusters representing taxa may be evident, 

allometric trends discerned, or heterogeneity may be 

exposed. However, since the principal components are 

linear functions of the original variables, then 

possible interesting non-linear functions of the 

orginal variables may not be discovered. Some form of 

data transformation or non-linear technique such as 

non-metrical multidimensional scaling or nonlinear PCA 

may be more appropriate [Gnanadesikan, 1977:26-62]. 

Principal coordinates analysis is similarly useful for 

dimension reduction in those cases where PCA is 

appropriate as it is dual to that technique (see 

discussion under "Principal Coordinates" in METHODS). 

When there are more variables then OTUs it is 

computationally more efficient to do principal 

coordinates analysis. 

When a priori subsets of the OTUs are recognized, 

the intergroup differences, corrected for the 

intragroup variation and covariation may be displayed 

using the canonical variate scores from multiple 

discriminant analysis. This technique will summarize 

the largest percentage of intergroup differences 

relative to intragroup variation in the smallest number 
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of dimensionso Two or three canonical variates may 

expose the similarities and differences among the a 

priori clusters in a few plottable dimensions. The 

directions of the canonical variates are influenced by 

the relative sample sizes among the groups (see 

"Discriminant Analysis" in METHODS). Also 

heterogeneity among the variance-covariance matrices 

will be averaged out. However, the method does provide 

a few dimensions summarizing the largest percentage of 

among-groups variation. 

The effectiveness of dimension reduction through PGA 

or CVA is usually assessed by the percent of total 

variance explained by the first two or three axes. 

Another very useful way to determine whether the 

distances reproduced on the reduced two- or 

three-dimensional plot are badly distorting the 

relative original distances in the original m space is 

to superimpose a minimum spanning tree on the reduced 

dimension plot. OTUs that are actually closest 

together in m space may each appear closer to other 

OTUs in the reduced dimension plot. They will reveal 

their true overall similarity by being connected 

together as nearest neighbors in the superimposed 

minimum spanning tree. This procedure is a sort of 

graphical analogue to the various stress measures or 

statistics employed in nonmetric multidimensional 

scaling to measure the goodness of fit of the Cartesian 

representation of the original distance data. Oxnard 

[19733 has also developed some additional graphical 

tools for revealing such distortions. 

EXPLORATION: LOOKING FOR STRUCTURE 

A great deal of the multivariate statistics used in 

systematic biology may be summarized under the heading 
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of exploration. There is a considerable overlap with 

dimension reduction since the summary plots or tables 

that are produced in dimension-reducing techniques are 

frequently used primarily for exploratory analysis. 

Some examples of the kinds of structures or patterns 

being watched for include the number of taxa, the 

presence of trends, or clines over geography, or 

associations of characters constituting functional 

complexes separable from other such complexes. 

Exploratory data analysis is rather difficult to 

describe succinctly. "Exploratory data analysis is an 

attitude, a flexibility, and a reliance on display, NOT 

a bundle of techniques." The extensive use of 

dimension reduction and plotting is a result of the 

"recognition that the picture-examining eye is the best 

finder we have of the wholly unanticipated" [Tukey, 

1980:23-24], One important group of methods, then, are 

the various dimension-reducing and graphical 

approaches; generaly all original variables are kept, 

but weighted in various fashions in the summary 

statistics or plots. 

Principal components analysis (PCA) is a widely used 

exploratory data analysis technique to expose structure 

in data through plots in a few dimensions. Also, it 

sometimes seems to be used as a confirmatory technique 

in the guise of exploration. Taxa which have been 

earlier proposed are looked for as clusters of points 

separated from other clusters of points; however, 

separation between such 'clusters' are exaggerated by 

polygons defining the sample limits. Part of the 

problem is that there is not a clear definition of a 

taxon in terms of multivariate structure. Features 

such as gaps between clusters versus relative 

continuity seem to be the kinds of criteria used at the 

species level, for example. 
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Exploration tools such as PCA, principal coordinate 

analysis and Andrews plotting (see METHODS) can be used 

to display data in order to look for such gaps. 

However, if one subsequently tests for mean differences 

between groups formed by arbitrarily partitioning the 

multivariate space on the basis of such plots, the 

result will of course appear to support the existence 

of such groups. There are other, better paths to tread 

through the analysis than this circular one. New data 

are required to confirm the hypotheses generated from 

the exploratory analysis. It is worthwhile to test a 

priori hypotheses suggested from earlier analyses, but 

the eventual taxonomic decisions are not determined by 

rejection or acceptance of statistical hypotheses—they 

are instead judgemental decisions. The taxonomic 

decisions and discussions should take statistical tests 

into consideration however. Searching for new groups 

is a valid use of principal components and other 

dimension-reducing techniques. An exploration of more 

than the first few components may be desirable to 

thoroughly search the multidimensional scatter, and 

superimposition of minimum spanning trees may expose 

additional dimensions of interest not summarized in the 

first few. 

A potentially powerful technique for searching 

multidimensional space is the use of Andrews plots (see 

section on "Andrews plotting" in METHODS). 

Gnanadesikan [1977:207-217] summarizes the use of this 

technique and gives some alternative formulations to 

that of Andrews [1972]. Oxnard [1975] has used 

Andrews' plots to examine diversity and explore 

relationships among primates. Rather than use static 

axes determined by PCA, principal coordinate analysis 

or factoring, Andrews plotting finds scores on an axis 

which is allowed to systematically scan the 

multidimensional space. Scores on these axes are 

weighted combinations of the original variables or more 
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often the principal components. The weights may be 

thought of and scaled as direction cosines for new axes 

in the multidimensional space. The scores are 

displayed as continuous lines: one line in the graph 

represents each OTU. The direction of the axes in the 

space is summarized along the abscissa and the scores 

along the ordinate. Tight clusters of scores that stay 

together indicate homogeneous groups. Consistent 

separation of clusters indicate widely and consistently 

different groups. Directions in which clusters differ, 

but are themselves little variable, are directions of 

interest for discriminating groups and may suggest a 

posteriori hypotheses to test. A priori tests are also 

available [Andrews, 1972]. Andrews also gives 

confidence intervals and variances for the plots. OTUs 

or groups of OTUs that oscillate between other groups, 

or break up and come back together as different 

directions are explored represent heterogeneous groups, 

or outliers relative to the groups of taxa under 

examination. 

Many exploratory techniques are used as ordination 

procedures. Ordination consists of putting OTUs into 

continuous sequences, usually in two- or 

three-dimensional space. PCA, principal coordinate 

analysis, factor analysis, nonmetrical multidimensional 

scaling, and canonical variates analysis may all be 

used for ordination. Tne results of an ordination are 

usually presented in the form of bivariate scattergrams 

or perspective drawings of three dimensional scatter 

(stereograms are sometimes given for the 

three-dimensional diagrams). In contrast, cluster 

analysis has as its goal partitioning of the OTUs into 

homogeneous subgroups—frequently presented in the form 

of a dendrogram. Networks and trees are used to 

connect neigboring OTUs. All three techniques may be 

used to explore the data matrix for structure. They 

may be used in concert—for example a dendrogram or 
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minimum spanning tree may be sumperimposed on an 

ordination in two or three dimensions; or clusters 

found by a clustering technique may be circled or 

distinguished by special plotting symbols. An 

extensive discussion comparing these three different 

approaches to data arrays may be found in Sneath and 

Sokal [1973:Chapter 53. 

Finding interpretable associations among variables 

is a further exploratory goal. The metric multivariate 

techniques based on variance-covariance or correlation 

matrices among variables (e.g. PCA, factor analysis, 

canonical correlation and canonical variates analysis) 

all produce vectors of weighting coefficients which may 

be used to estimate scores for new variables for 

plotting, discrimination etc. Of these methods, only 

factor analysis has as one of its goals the discovery 

of factors ^hypothetical variables) chosen by criteria 

related to their potential interpretability. It seems 

tempting (and is advocated by some texts and manuals) 

to interpret and name principal components or canonical 

variates, to take the most widely used multivariate 

methods, in terms of the variables with relatively 

large (in absolute value) coefficients or loadings. It 

must be remembered that these coefficients have been 

found to maximize certain criteria (in the case of 

PCA—variance of components which are uncorrelated; in 

the case of CVA—variance among centroids relative to 

pooled with variance-covariance and uncorrelated 

variates). There is no a priori reason in a PCA to 

expect that directions which are orthogonal and are 

related to ordered variance explanation should find 

interpretable complexes or groups of functionally 

related variables. 

If we wish to look for interpretable variable 

complexes, then a methodology designed to discover them 

should be used. Olson and Miller (1953) developed a 
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clustering approach for correlation matrices that was 

designed to find groups of associaged variables that 

can be identified with known functions. The analysis 

was done without computers and a series of extensive 

data examples were used to test the methodology. Their 

goal was to develop a method applicable to fossils 

where the associations between characters and functions 

were less well known or not known. (All of the 

original data are provided in their book.) 

Exploratory factor analysis is a technique for 

examining associated sets of variables and finding 

clusters of variables or hypothetical new variables 

which may suggest hypotheses about relationships with 

function. These hypotheses may be subsequently tested 

with new data using confirmatory factor analysis. The 

partition of each variable into parts related to common 

factors and a unique portion, and the rotations 

available to search for "simple structure" come closer 

to the goals of Olson and Miller than other 

multivariate procedures that we know. 

Maximum likelihood factor analysis has an added 

advantage over most other forms of factor analysis, in 

that either the variance-covariance matrix S or the 

correlation matrix R may be factored and simply 

transformed from one to the other (see section on 

"Factor Analysis" in METHODS) and goodness of fit tests 

are possible for the number of factors if the data have 

a multivariate normal distribution. 

Interpretation of canonical variate coefficients is 

fraught with more difficulty then most (see 

"Discriminant Analysis" in METHODS). Bargmann [1970] 

discusses how the structure coefficients in canonical 

variates analysis may be used to select variables for 

further use. He points out, however, that the linear 

combination that produces maximum differences between 
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groups "is and remains an artificial variable, a 

mathematical construct". The variables loading on the 

second or other canonical variates should have their 

contributions to the first variate removed if 

interpretation is a goal. SPSS does provide for 

rotation of the "discriminant functions" using VARIMAX 

rotation. Multigroup factor analysis is an attractive 

area to explore for finding complexes of variables both 

within and among groups [SOrbom and JOreskog, 

1976] .  

CLUSTER ANALYSIS, NUMERICAL CLADISTICS AND TREE 

ANALYSIS 

The set of techniques mentioned briefly in this 

section are those developed for finding or constructing 

groupings, usually of individuals or OTUs. These 

techniques have been extensively used, discussed, and 

compared in publications on numerical taxonomy (NT) and 

outgrowths from that school. Although numerical 

taxonomy is sometimes identified with phenetics in some 

sort of limited sense, numerical cladistics is part of 

NT, and discussed in this section, because it is 

another set of clustering models and methods, 

distinguished only by the criteria for linkage of OTUs. 

The diversity of topics and methods that are included 

under the heading of this section is enormous, and very 

well covered in a number of books and review articles. 

Therefore, we will only note some philosophical and 

general methodological points, and some references to 

reviews that will provide an entry into the literature. 

Cluster analysis: 

Cluster analyses are methods for analyzing a single 
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data array of n OTUs and m variables to find groups or 

clusters of OTUs or variables that are more similar 

within groups than among groups. Jardine and Sibson 

[1971:39-44] make a useful distinction between the 

cluster method or model, and the clustering 

algorithm(s) for achieving that model. The model is 

primarily a precise statement of the kind of 

representation desired, the basis for grouping, 

dividing, or structuring. On the other hand, there are 

the various algorithms that implement the method. For 

a particular method, one hopes to find an efficient 

algorithm. 

Historically, the relationship between model or 

method and algorithm has not always been recognized. 

It has only been recently that it was realized that 

some different algorithms are actually performing the 

same methods. A distinction is usually made between 

algorithms (properly not methods) that are divisive and 

partition multivariate space into regions, and those 

that are agglomerative and form larger and larger 

groups in some form of hierarchy. Some methods, such 

as single linkage cluster analysis, can be implemented 

by both divisive and agglomerative algorithms, although 

the identity of the method was frequently not 

recognized at the time each algorithm was presented. 

The distinction between model or method and 

algorithm should make obvious the need for a clear 

understanding of the model when a clustering procedure 

is chosen; the algorithm is less important except for 

practical reasons of time or cost. The problem with 

urging an awareness of this distinction is that the 

literature is largely unclear on this point; useful 

statements and explanations will usually be hard to 

find. 

Another distinction to bear in mind is the 
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difference between clustering methods and exploratory 

procedures which facilitate the definition or 

observation of clusters. Thus, various 

dimension-reducing techniques, such as PCA, 

discriminant analysis or multidimensional scaling 

techniques, are not clustering techniques, because they 

do not find groups in initially unclustered data. 

Clusters may be discerned, for example, in a plot of 

PCA scores, but circling or otherwise defining clusters 

or groups on the basis of apparent clusters would be an 

ad hoc clustering procedure superimposed on the PCA 

results; PCA itself is an ordination technique, not a 

clustering technique. The component scores may, of 

course, be used as the data matrix for clustering, but 

the clustering itself is not part of PCA. Factor 

analysis is less clear, and in some ways intermediate: 

in an R-mode analysis, the positions of the OTUs in the 

reduced space defined by the factors may be used as a 

basis for ad hoc clustering, but clusters of OTUs are 

not produced by the factor analysis. However, in such 

an analysis, various criteria for rotation of the axes, 

for example, rotation to simple structure of Thurstone 

and others, produces a sort of clustering of variables, 

in which each factor would define a cluster of those 

variables with nonzero loadings on that factor. 

Similarly, a Q-mode factor analysis with some kinds of 

oblique rotation would result in a clustering of OTUs, 

in that each factor now represents a group of highly 

correlated OTUs. 

A great deal of clustering, especially hierarchical 

clustering, has been done in taxonomy; the book by 

Sneath and Sokal [1973] is a comprehensive review of 

numerical taxonomy. The earlier edition [Sokal and 

Sneath, 19633 has a useful appendix which goes through 

an algorithm for the weighted pair group method (WPGM) 

step by step, starting from an n x m data matrix. The 

book by Hartigan [19753 discusses a number of 
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clustering techniques and gives FORTRAN programs for 

their implementation. Other books are Van Ryzin [1977] 

and Anderberg [19731; Williams [1971] appears to be a 

useful review article. 

NTSYS (Numerical Taxonomic System of Multivariate 

Statistical Programs) has a number of routines for 

clustering and provides a large number of association 

measures in addition to a number of multivariate 

statistical routines. It has been widely used for 

clustering and widely cited in the systematic 

literature. 

SAS has a procedure called CLUSTER based on an 

algorithm suggested by Johnson [1967] which appears to 

be an average linkage cluster method. 

BMDPC77) has a cluster procedure, P1M, for 

clustering variables with a choice of average linkage, 

single linkage, or complete linkage. P2M provides 

cluster analysis of cases which may be based on any of 

four distance measures and uses average linkage. A 

simultaneous clustering by cases and variables is given 

in P3M. Dendrograms are given for both P1M and P2M. 

The book by Anderberg [1973] gives a set of FORTRAN 

IV programs for a wide variety of association measures 

and cluster analyses. 

CLUSTAN is a clustering package with larger number 

of association measures and a number of both 

agglomerative and divisive clustering programs. 

Instructions are given in Wishart [1978]. Tne results 

of a cluster analysis are frequently presented in the 

form of a dendrogram, which is output by most of the 

clustering programs. 
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Numerical cladistics: 

Numerical cladistics has as its goal finding a 

phylogenetic hypothesis or rooted tree from numerically 

coded characters or a distance matrix. Several 

approaches are summarized in Sneath and Sokal 

[1973:323-356]. The terminology used in the literature 

to describe the phylogenetic patterns is a little 

confused, but well summarized in Sneath and Sokal 

[1973:253-256, 325-327,332-3333. We will only point 

out here that a Wagner network is a form of tree in 

graph theory. A network is a directed tree or rooted 

tree. Cladograms are also discussed in Sneath and 

Sokal [1973:332-3^6]. 

Phylogenetic reconstruction is of major interest in 

systematic studies at all levels. The result of any 

clustering method depends on the similarity measure or 

coefficient employed and ultimately the objective 

criterion used to form clusters. Phylogenetic analysis 

is specifically directed at deducing genealogical 

relationships; therefore characters are evaluated in 

terms of hypotheses of primitive vs. derived states 

rather than overall similarity. The most popular 

criterion used for evaluating results is parsimony. A 

most parsimonious phylogenetic tree is one in which the 

number of evolutionary steps is minimal compared to 

other possible trees, and therefore it has the least 

number of reversals or homoplasies. Computer 

algorithms for finding Wagner networks and rooted 

Wagner networks are described in papers by Farris [1970 

and 1972], A program WAGNER by J. S. Farris finds 

Wagner networks from distance matrices. A direct 

solution to finding the shortest networks is not known; 

as in many iterative solutions, there is no guarantee 

that an optimal solution has been found. The total 

number of networks is too large to find all of them, 

and stepwise procedures are fraught with the usual 
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difficulties of finding local optima., One way of 

guarding against non-optimal solutions is to try 

several starting points, i.e. reorder the data and 

submit it again to the analysis. 

Trees: 

A useful multivariate technique is finding the 

shortest connected tree of n OTUs using n-1 links, i.e. 

linking all of the OTUs together with the shortest 

length tree. Tnis has been called a shortest spanning 

tree [Sneath and Sokal, 1973:255-256], or a minimum 

spanning tree (MST), among other names. We prefer the 

latter because this seems to be the most common usage, 

and is the most euphonious. A half-dozen MST 

algorithms are referred to in Sneath and Sokal 

[1973:255]. The MST procedure is related to single 

linkage clustering [Hartigan, 1977:60], A Wagner 

network is an MST with nodes or additional hypothetical 

taxonomic units (HTUs) placed between the OTUs. 

An MST may be usefully superimposed on almost any 

kind of two- or three-dimensional projection of 

higher-dimensional multivariate data. Computed from 

the distance matrix among OTUs, it can be used to 

indicate the closest OTUs in the full dimensional 

space. Distortions in the reduced dimensional plot 

will be evident by OTUs that appear close together on 

the plot not being each other's nearest neighbors 

according to the MST. An MST may be superimposed on 

plots of principal components, principal coordinates, or 

canonical variates. Schnell [1970] plotted an MST on a 

three-dimensional perspective of OTUs using the first 

three principal components, Oxnard [1973] and Baker, 

Atchley and Mc Daniel [1972] superimpose MSTs on plots 

of canonical variate scores; the MST is computed from 
p 

the matrix of among-group Mahalanobis D s. 
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NTS^S has an MST routine. Also, it is not difficult 

to program MST in PROC MATRIX in SAS. 

SIZE AND SHAPE 

The analysis of size and shape has generated 

considerable discussion in the systematic literature 

[e.g., Mosimann and James, 1979; Gould, 1966; 

Corrucini, 1972, 1973. 1975b; Bookstein, 1977b, 1978; 

McMahon, 19733. While size and shape may be studied in 

relation to functional hypotheses, or ecological roles 

of taxa, we will mainly discuss the problem of size 

correction or adjustment for comparison of OTUs and 

make some comments on the interpretation of "size" and 

"shape" components derived from output of multivariate 

analyses. A brief review of two special "shape" 

analysis techniques is also included. Part of the 

difficulty is: What is meant by size, and shape? 

Everyone knows what they are, but few have attempted to 

define them. Mosimann [1970] gives an axiomatic 

approach to the problem and Sprent [1972] reviews "The 

mathematics of size and shape". Gould [1966] discusses 

the biological problem, but mainly in a bivariate 

context. 

In an analysis of only one variable, OTUs may be 

uniquely ordered. We can speak of size from smallest 

to largest along a a single axis. However, for 

multivariate data there is no unique ordering of points 

in the multidimensional space. A group of OTUs will 

only have the same shape, i.e. proportions, if they lie 

on a single ray or vector through the origin in the 

character space. In this case, these OTUs will be 

isometric, and the space will have only one dimension. 

If the OTUs fall on several vectors or rays through the 

origin then the definition of size is arbitrary. Any 
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s ingle character  (weight ,  cube root  of  weight ,  body 
length or  skull  length to name a  few possibi l i t ies)  
may be considered as "size" characters ,  or  "size" may 
be defined as a function of  several  characters .  For 
example the f irst  principal  component  score or  the 
geometric  mean o f  the l inear  dimensions for  an OTU ar e 
possible compound s ize measures.  I f  there is  l i t t le  
scat ter  of  the data about  the size measure chosen,  then 
the data can be "corrected" to a common s ize .  

The f i rst  principal  component  of  the 
variance-covariance matrix,  the correlat ion matrix,  or  
e i ther  of  these af ter  the data has been transformed 
(for  example by a  log transformation) is  a popular  
choice for  a  "size" variable.  A log transformation of 
l inear,  areal  and volumetric  variables puts  these 
dimensions in the context  of  the al lometric  equation.  
If  a l l  of  the coeff icients  (for  l inear  dimensions 
measured in the same units)  for  the f irs t  principal  
component  are of  the same s ign and have approximately 
the same value then the direct ion of greatest  variat ion 
along the f irs t  pr incipal  component  axis  is  correlated 
with the size of  the individuals  for  each variable 
taken separately.  The f i rs t  principal  component  then 
is  a kind of  s ize component .  The e lements of  the 
corresponding f irs t  eigenvector  of  a  
variance-covariance matrix should be divided by their  
corresponding standard deviations if  the effects  are to 
be evaluated in terms of  s tandardized variables.  For 
log-transformed data for  l inear  dimensions the 
hypothesis  of  isometry may be tested [Morrison,  
1976:295—the f i rst  eigenvector  is  compared to a vector  
with elements equal  to nf" c->3,  or  such a test  can be 
done using confirmatory factor  analysis .  The rat io of 
the elements of  the f irst  eigenvector  can be used as  
general ized al lometric  coeff icients  [Jol icoeur,  1963a;  
Corrucini ,  1975b; Dodson,  19753.  
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If the first eigenvector is interpreted as a kind of 

"size" vector then all others must be "shape" 

components. The orthogonality imposed by PCA requires 

each subsequent vector to have both positive and 

negative values so that the inner product of each 

vector with the first "size" vector and every other 

vector will be zero. There is a temptation to 

interpret these as "shape vectors independent of size", 

but one must take into consideration the artificial 

constraint of orthogonality (in order to make their 

corresponding scores uncorrelated). "Shape" is 

rendered "independent", actually uncorrelated with 

"size" by the method, but this is an artefact of the 

constraints built into the method. Size-correlated 

shape changes are more to be expected, and even if the 

first component can be interpreted as a size component, 

the other components are more realistically mixtures of 

size and shape [Sprent, 1972]. (However, see Blackith 

and Reyment [1971] for stronger support for the use of 

PCA in analysis of size and shape than is presented 

here.) One of the most important points that Blackith 

and Reyment bring out in their discussions [op. 

cit.:29] is that one should not discard size in an 

interpretation of one's data. 

Factor analysis offers a way of finding correlated 

or oblique factors which may be biologically 

interpretable and do not have the artificial 

constraints of PCA. However, as Sprent [1972] points, 

out the indeterminancy of factor analysis solutions 

(see section on "Factor analysis" in METHODS) may be 

one reason why they have not been used more for this 

purpose. Confirmatory factor analysis [Kim and 

Mueller, 1978b; Mulaik, 1972; and Jo"reskog and 

So"rbom, 1976] offers an approach in which a "size" 

factor may be chosen (or hypothesized) by the 

researcher and, additional correlated or uncorrelated 

"shape" factors fit to the data with a built-in 
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goodness of fit test. Tne test does depend on the 

assumption of multivariate normality, but may serve as 

an indication of fit in any case. Hopkins [1966] used 

a centroid factor analysis to study allometry of organ 

weights in the rat. Blackith and Reyment [1971:291 

claim that the difference in the factor analysis 

solution from the PCA analysis in Hopkins' study was an 

artefact of the centroid method used. However, one of 

us has confirmed Hopkins' solution using maximum 

likelihood factor analysis. 

The allometric equation has been found useful for 

describing the change in shape with size in many 

studies [Gould, 1966; Corrucini, 1972] and may be used 

as a basis for the "removal" of size effects in data 

Corrucini [1972]. Jolicoeur [1963a] has generalized 

the allometric equation for multivariate relations 

(discussed critically by Sprent [1972]). A logarithmic 

transformation (any base will do) of the original data 

changes the allometric relation (a power equation) to a 

linear equation in the logs of the variables. 

The main purpose of the methods discussed above is 

the description of size in relation to shape. If on 

the other hand, one wishes to remove "size" effects, 

there are several techniques available. One is through 

the use of multivariate analysis of covariance, in 

which the size measure is the covariate. The degree of 

variation about the best fitting line for each group in 

a multigroup study as well as a test of hypothesis that 

the trend lines within groups have the same slope are 

available (see Snedecor and Cochran [1967: Chapter 14] 

for univariate analysis of covariance, and Morrison 

[1976:193-197] for multivariate analysis of 

covariance). 

A warning is appropriate at this point concerning 

the use of ratios. Ratios as corrections for size are 
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most appropriate, as pointed out above, when there is 

an isometric relation among the variables. In this 

case, the line along which the data are scattered 

passes through the origin, and there is not much spread 

about the line (see Snedecor and Cochran [19673 for 

appropriate bivariate tests). When the relation 

between variables is linear, and the summary line does 

not pass through the origin then the analysis of 

covariance corrections are appropriate if the lines are 

parallel among groups. For example, in a discriminant 

analysis that compares several groups or taxa, one 

might wish to analyze the residuals after the first 

principal component is removed from the pooled 

within-groups covariance matrix, if the first PC seems 

to be a size-related variable. Other principal 

components, or other linear combinations may similarly 

be removed. These approaches will only be reasonable 

if the direction of the principal components or other 

chosen directions are similar for each group. A 

hypothesis for similar directions can be tested, but if 

the sample sizes are small for the groups, then the 

effect of the correction on the results would be 

difficult to assess. Reyment and Banfield [1976] and 

Gower [1976] have presented a technique along with 

examples for adjusting a discriminant analysis for 

trend(s), following an earlier suggestion of Burnaby 

[1966]. The method has been called "growth invariant 

discriminant functions" and is also discussed by Dunn 

[in press] as a form of data transformation. Using 

this method, any trend(s) or direction(s) of interest 

may be removed from the data before a discriminant 

analysis is performed. The use of the first principal 

component within groups has been suggested as a 

direction to remove from the pooled within-groups 

variance-covariance matrix if this is a strong size 

measure. However, if the among-group differences are 

in the same "size" directions as the principal 

components then this may not be a useful thing to do. 
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In any case, if there is a strong within-groups size 

trend it may have a relatively small effect in the 

discriminant space as the among-groups covariance 

matrix is multiplied by the inverse of the pooled 

within-groups covariance matrix in discriminant 

analysis; the eigenvalues of S,̂  affect formulation 

{1} in "Discriminant Analysis" (in METHODS) as a 

function of their reciprocals. A simpler partition of 

distance into "size" and "shape" components had been 

suggested by Penrose [1954]. BrSuer [1979] is a 

recent application of Penrose's ideas. 

When the relationships between variables is not 

linear then analysis of covariance using quadratic (or 

higher order) functions of the "size" variable(s) as 

covariates might be appropriate, provided that the 

non-linear trends are parallel in the multivariate 

space. 

Mosimann's [1970] most important axiomatic approach 

to size and shape has been applied to multivariate 

analysis of bird variation along geographic gradients 

[Mosimann and James, 1979]. Organisms have the same 

shape in Mosimann's model if all of one individual's 

measurements are multiplied by one constant to obtain 

another's measurements (i.e. they are isometric). A 

convenient size measure is chosen (a single or compound 

measure); then a shape vector is a unit-free vector of 

measurements in which each of the original measurements 

is divided by the chosen arbitrary size measure (all in 

the same units). It is impossible to define a single 

shape vector that is independent of more than one size 

measure. Mosimann and James therefore define several 

size measures and study the geographic variation of 

shape relative to the different size measures. 

Mosimann also provides a test for the independence of 

size and shape based on the multiple correlation 

coefficient squared. Corrucini [1972, 1973. 1975] 
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removes the effect of size in his studies of primates 

by dividing each measurement by a size measure for the 

OTU, along the lines of Mosimann's suggestion. However 

he does not test for independence of size and shape, 

and does not attempt to look at shape in terms of 

different size measures as do Mosimann and James. 

Sprent [1972] offers some additional suggestions for 

studying size and shape outside of the form of the 

relationship between the two. 

Many people have recognized basic shortcomings in 

using linear dimensions as descriptors of shape and 

shape change. Alternate approaches, however, have been 

difficult to formulate. A step in the right direction 

is the recording and analysis of Cartesian coordinates 

of points directly from a specimen rather than 

recording only the linear measurements among the 

points. (Recent examples include Benfer, 1975; Brower 

and Veinus, 1978; Hills and Brothwell, 1974.) Methods 

of analysis for such data are not widely developed, 

however. One early attempt which has fascinated nearly 

all natural historians at sometime in their development 

has been the transformation grids described by D'Arcy 

Thompson [1961]. These have also been frustrating 

because of their arbitrariness and lack of precision. 

Two recent methods are available for more precise 

description of shape description of shape difference or 

change, and shape itself. These are Biorthogonal 

transformation grids and Fourier analysis respectively. 

Biorthogonal transformation grids: 

Bookstein [1977a;1977b;1978] has developed a special 

transformation grid for comparing two shapes. The 

transformation proposed by D'Arcy Thompson imposes a 

Cartesian coordinate system on one member of the pair 
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and then transforms the diagram keeping homologous 

points connectedo This leads to an ambiguous 

asymmetrical transformation, depending on which shape 

is transformed,, It also had never been successfully 

formulated mathematically, so the details of a 

transformation were frequently inaccurate. Bookstein's 

transformation is symmetrical and formulated precisely. 

Consider a rectangle and a parallelogram. For these 

two figures, there is a unique pair of orthogonal axes 

on the rectangle, which remain orthogonal under 

transformation of the rectangle into the parallelogram, 

but change their length. The amounts of change in 

length are referred to as the dilations along the two 

axes. If the rectangle were now transformed into an 

irregular four-sided figure, there would no longer be a 

single pair of biorthogonal axes, but instead a pair 

with slightly different orientation for almost every 

infinitely small rectangle, i.e. almost every point, so 

one would have a continuous surface with infinite pairs 

of dilation values and an orientation for each 

biorthogonal pair. ("Almost every point" because 

singularities or undefined points in the surface can 

arise.) These surfaces are depicted by sampling the 

axes in a grid-like fashion, in which each axis drawn 

curves to show the orientation at each point it passes 

through, and intersects other axes always at right 

angles. The amount of dilation at selected points 

along these axes can be indicated next to the axes. 

Warping, curvature, and rotation of parts of a 

figure are all effected on such a surface by 

differential dilation. Greater dilation along one axis 

will cause it to curve around parts that are undergoing 

less dilation. On biological figures, homologous 

points on the two figures are designated, and the 

change is assumed to be uniformly changing between 

these points. 
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The devel opment of  Bookstein's  method is  quite  
recent;  further  refinements are at  least  being 
considered [Bookstein,  19783.  Present  shortcomings are 
the restr ict ion to a planar surface (outl ines or  
cross-sect ions)  and the inabil i ty to consider  
within-sample variabil i ty and therefore to perform 
s tat ist ical  tests .  Even at  the present  s tage of  
development,  however,  biorthogonal  t ransformation grids 
are potential ly extremely useful  to morphologists .  The 
major advantage of  the method is  that  i t  al lows 
measurement of  shape change independently of  shape 
i tself ,  rather  then depending on ad hoc l inear  
measurements or  the morphometric  indices constructed 
from them to describe possible t ransformat ions.  (One 
should perhaps also use the method to measure shape 
i tself ,  as change from a s tandard.  However,  purely 
comparat ive use wil l  be more important  to comparat ive 
biologists ;  a  s ingle shape in isolat ion is  much l ess  
interest ing.)  Biorthogonal  t ransformation grids also 
free the researcher from the problem of "removing s ize" 
in comparing shapes.  I t  is  to be hoped that  programs 
and documentat ion wil l  soon be widely and easi ly 
available.  

Fourier  analysis:  

Fourier  analysis  of  morphological  shape is  a 
decomposit ion of  the shape into harmonic components.  
For example,  in  a two-dimensional  outl ine drawing of  an 
ar t iodactyl  astragalus superimposed on an x-j ,  x2  

coordinate system, one t ransforms the shape outl ine to 
polar  coordinates y,@ using the center  of  gravity as 
the or igin.  I t  is  easiest  to analyze the data i f  a 
series of  n equally spaced ( in terms of  angular  
increments)  points  are recorded.  The s maller  the 
increment of  the angle 9 ,  the more d etai led the 
descript ion.  A pe riodic function or  Fourier  ser ies is  
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then f i t ted to the data.  If  y i  is  the radius for  the 
i th point ,  then the model  is :  

y i  =  A) +  /#11 c o s^ +  ^!2 s i n^+° + /3m1 c o s  + m9 + V i  {1} 
This is  just  a  special  case of  l inear  regression with 
2m re gression coefficients  in the model ,  for  the m 

harmonics.  Each pair  of  /3j ' s* j$j i  a n d  /$j2* 
gives the contr ibution of  the j th harmonic to the 
overal l  R2 .  The c ontr ibution for  the j th harmonic is  

R j  = <b j i  +  b j2> t 2 i  

Using regression theory (see "Mult iple Regression" in 
METHODS) and tests ,  one can f ind the significant  
harmonics,  or  the stopping rule for  the number of  
harmonics m to adequately represent  the shape 
[Anderson,  T.  W.,  1971:Cnapter  4;  Davis,  1973 for  an 
introduction to the subject] .  

Two ways of  presenting the results  of  a  harmonic 
analysis  are commonly u sed.  The periodogram is  a plot  
of  R^ (which is  the ampli tude of  the j th 
harmonic)  plotted against  n / j ,  the period length of  the 

p 
j th harmonic;  the other  is  a plot  of  Rj against  
the frequency,  i .e .  the number of  cycles in the n 
observations.  The maximum numb er of  harmonics that  can 
be est imated is  n/2.  The goal  of  f i t t ing the model  is  
to sufficiently describe the shape with as  few b-s  as  

J 

possible.  Residuals  should be examined as  an 
addit ional  way o f  evaluating goodness of  f i t .  If  
graphical  equipment is  available,  outl ine data can be 
entered using a digi t izing board.  A computer  graphics 
screen or  hard copy plot ter  can then be used to compare 
the original  shape to the f i t ted shape for  each 
specimen.  

Up t o  now t he discussion has been in terms of  
describing a s ingle specimen whose outl ine has been 
summarized in terms of  a  set  of  2m re gression 
coeff icients .  The 2m co eff icients  usually represent  a  
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considerable data reduction of the original n points 

measured. The coefficients for each specimen can then 

be used as a vector of values for further multivariate 

analysis, for example PCA or canonical variates 

analysis. 

Lestrel et al. [1977] has used the Fourier technique 

to compare the shape of the distal end of the femur 

among hominoids, using the coefficients for each 

specimen as input data to a canonical variates 

analysis. "Size" was removed from the analysis by 

adjusting each specimen to have the same area. They 

retained 14 coefficients. Lu [1965] applied harmonic 

analysis to the shape of the human face. Younker and 

Ehrlich [1977] have used "harmonic amplitudes" in a 

study of ostracod shape. The first six harmonics were 

used in a discriminant analysis of taxa at the species 

and genus level in two separate analyses. See also 

Kaesler and Waters [1972] and Waters [1977] for further 

examples in paleontology. 

STATISTICAL INFERENCE: 

We may consider two classes of hypotheses: 

1) A posteriori hypotheses: those that are suggested 

by the results of the application of a method, usually 

an exploratory data analysis, or those suggested from 

the results of tests not considered initially in a 

priori analyses. An example of the former would be a 

test of the hypothesis of "isometry" for the first 

eigenvector from a principal components analysis in 

which the loadings or coefficients appear similar. 

Examples of the latter sort of a posteriori tests would 

be multiple comparison tests, after an analysis of 

variance or multivariate analysis of variance, to 
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determine homogeneous subsets of groups. 

2) A priori hypotheses are stated before the 

application of the particular method. These hypotheses 

arise from earlier analyses, biological or 

physiological constraints, or models developed for a 

study. Examples are tests for specific allometric 

scaling [McMahon, 1975] used in a comparison of limb 

bone lengths and widths which had been done using PCA 

[Jolicoeur, 1963]. Another example would be the use of 

multivariate analysis to see if groups proposed by 

earlier workers were significantly different. Tests 

for sexual dimorphism would also generally be 

considered a priori analyses. The most extensive 

development of a priori testing procedures to present 

has been in MANOVA (see page 152 in METHODS). Also, 

confirmatory factor analysis offers opportunity for the 

development of extensive a priori tests. 

However, most systematic studies are presently 

dominated by exploratory analyses and therefore many of 

the tests are a posteriori. Even when overall a priori 

tests for equality of centroids are used in canonical 

variates analysis or multiple discriminant analysis 

(actually in this guise a form of multivariate analysis 

of variance), deciding which groups may be agglomerated 

and which are separate is an a posteriori testing 

situation. 

One consideration if very many tests are made (more 

often a problem in a posteriori testing), is that the 

actual overall significance level increases. For 

example, if one sets the probability of rejecting the 

null hypothesis (when it is in fact true) at 0.05 for 

each test and then performs a series of tests, the 

actual probability of incorrectly rejecting the null 

hypothesis sometime during the whole series of tests 

increases. For k independent tests, the overall 
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signif icance level  becomes 1-O-pO^. Harr is  
[1975:98-101] suggests  a s imple though somewhat 
conservative technique for  set t ing a smaller  overal l  
s ignif icance level ,  based on the Bonferroni  method 
[also see Morrison,  1976:33-34].  I f  one is  studying,  
for  example,  10 groups and reject  the null  hypothesis  
of  group centroid equali ty,  then there are 45 possible 
two-centroid comparisons to test  for  inequal i ty.  The 
general  formula for  k groups is  k(k-1)/2 two-group 
comparisons.  If  one wanted an overall  s ignif icance 
level  of  0.05,  one would compare a l l  pairs  using a 
(0.05/45) s ignif icance level  for  each comparison.  This  
is  a conservative formulation,  s ince the overal l  
s ignif icance level  wil l  be less  than 0.05.  In general  
for  a  s ignif icance level  C< and c  comparisons,  each 
comparison is  done at  a s ignif icance level  (OC/c) to 
guarantee an overal l  s ignif icance level  less  than 

Stat is t ical  test ing procedures have been developed 
within the context  of  most  of  the methods (see sect ion 
on "Stat ist ical  assumptions" under each method).  For 
example,  within procedures such as  principal  components 
analysis  or  canonical  variates analysis ,  one may t est  
hypotheses about  the number of  s ignif icant  axes,  based 
on the relat ive s ize of the associated eigenvalue.  
However,  the vast  major i ty of  tests  developed to date 
require the assumption of  mult ivariate normali ty,  and 
i f  test ing group differences,  the assumption of  equal  
variance-covariance matrices among populations from 
which the samples were drawn. In some circumstances,  
test  procedures have been developed for  only certain 
variants  of  a  method—for example,  most  tests  in PCA 
are for  analyses based on the variance-covariance 
matrix rather  than the correlat ion matrix.  

As we noted in the Introduction,  the the problem of 
checking these assumptions by tests  of  mult ivaria te 
normali ty and tests  of  equali ty of  covariance matrices 
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is a difficult one. Because of the problems in meeting 

these assumptions with biological samples, multivariate 

procedures have been more often used descriptively, in 

an exploratory rather than hypothesis-testing 

framework. 
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by Michael  A. Bogan 

Several  factors  govern both the s tyle and content  of  published 
mult ivariate studies.  Pr ior  to discussing some of  these factors ,  i t  
may be useful  to rei terate why we publish our results  a t  al l .  Rummel 
[1970] has suggested the fol lowing:  1)  To a l low cr i t ical  evaluation of  
the research so that  i ts  substant ive conclusions can be given proper 
weight  and compared with other  s tudies,  2)  To a l low others to 
independently confirm or refute the results,  i .e .  to al low 
replicat ion,  3)  To advance knowledge through the publ icat ion of  
f indings,  and 4)  To e ncourage s imilar  efforts  in a l l ied areas or  to 
suggest  a l ternat ive designs or  hypotheses.  Mul t ivaria te analyses are 
one of  many tools  avai lable to researchers to use in scientif ic  
s tudies.  However,  due to their  complex nature ,  especial ly to the 
unini t iated,  i t  is  important  that  enough information be published to 
enable the readers to evaluate the methods used,  and i f  they choose,  
to  replicate the study on the same o r  a new d ata set .  

Other sect ions of  this  manual  have addressed the overal l  design and 
use of  mult ivariate analyses,  so I  wil l  rest rict  myself  to  a few 
general  comments on the publ icat ion of  properly designed mult ivariate 
s tudies.  Probably the most  often-asked quest ion is  "How m uch of  my 
data and methods should be published?".  The usual  answer to this  
quest ion is  that  suff icient  information must  be presented to clearly 
outl ine your approach and methods and to enable others to understand 
and ut i l ize your methods.  However,  the more pract ical  answer is  that  
the mode o f  publication wil l  great ly influence,  i f  not  actual ly 
determine what  wil l  be published.  This  consideration renders absolute 
guidelines diff icul t  to formulate.  I  wil l  suggest  some minimal 
s tandards that  seem to me to be useful  or  appropriate.  

Firs t  of  a l l ,  i t  wil l  rarely be possible to publ ish (a l l  of)  the 
raw or  original  data.  Possible exceptions to this  may be publicat ions 
of  a  monographic nature.  I t  is  necessary to inform the reader where a  
copy of  the original  data may be obtained.  In systematic s tudies,  
this  also may b e t rue of l is ts  of specimens examined.  Thus,  the 
Methods section of the paper should include a statement that  the 
original  data (and a l is t  of  specimens examined) are on f i le  and give 
instruct ions on how t o obtain copies.  Such material  may c onsist  of  
typed l is ts  or  tables,  copies of  original  data sheets ,  magnetic tape 
records,  or  punched cards.  These data should be provided free or  a t  a 
nominal  charge to interested part ies .  Depending on space l imitat ions 
in the journal ,  these comments a lso may ap ply to long l is ts  of 
characters  or  coded t rai ts  used in systematic studies .  Some o f  th is  
material  also may be presented in Appendices to the paper.  

Obviously,  some parts  or  subsets  of  the data wil l  be publ ished,  
often in summary form (e .g.  means and variances for  example)  as  tables 
or  f igures.  Some types of  intermediate results  or  multivariate 
s tat is t ics,  such as correlat ion or  s imilari ty-distance matrices,  fa l l  
into this  category.  The d ecision on publishing such material  should 
be based on the importance of  these data to the results  and 
conclusions to be presented.  In addit ion,  the editors  and reviewers 
wil l  comment on the appropriateness of  including such information.  
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Where sp ace l imitat ions res tr ict  the amount of  such data to be 
published,  the data should be available from the author.  Wnenever 
s tat is t ical  data are presented to which tests  of  s ignif icance may be 
applied,  appropriate information should be included to support  the 
tests  of  s ignif icance (p values,  n ,  degrees of  freedom).  

Although the publication of  intermediate or  exploratory results  on 
the data may b e possible,  any procedure that  was used in prel iminary 
stages to sort  or  explore the data should be briefly outl ined.  This 
will  al low the reader to follow the development of  the study.  

Those port ions of  the data or  results  that  are used in formulat ing 
conclusions should be presented.  In the case of  mult ivariate s tudies,  
this  might  include character  loadings,  correlat ion coefficients ,  
dendrograms,  and plots  of  OTUs on axes.  Publicat ion of  such results  
al lows the reader to evaluate the author 's  conclusions.  Available 
measures of  dis tor t ion (e.g.  cophenetic  correlat ion coefficients)  
should be given.  

All  s tat is t ical  methods used should be clearly and succinctly 
explained,  or  a  published reference given,  in the Methods sect ion of 
the paper.  In cases where a  "canned" computer  package has been used,  
a  ci ta t ion to the published documentat ion may s uffice.  Examples of  
th is  would be the use,  in a s tandard fashion,  of  programs from 
BMD-BMDP, SAS, SPSS; a l l  of  these have published reference manuals  
(see Appendix I I) .  Dave S chmidly has provided information on some of  
these programs.  New and unique computer  mult ivariate programs,  
developed for  specif ic  purposes and not  accompanied by published 
documentat ion,  should be explained.  Special  features and 
computat ional  detai ls  should be presented,  and i f  necessary,  be 
accompanied by mathematical  formulae.  Some comment s hould be made 
regarding the availabil i ty of  the programs and where they may be 
obtained.  If  the programs have been presented in published form, but  
not  used previously in a pract ical  applicat ion,  the original  reference 
should be c i ted.  

I t  is  also important  to clearly explain and reference any 
procedures used to standardize or  transform the data prior  to 
subject ing i t  to mult ivariate analyses.  In some cases i t  wil l  be 
possible to ci te  a reference for  the use of  such procedures,  but  in 
the case of  a  new t echnique,  the procedure should be explained and the 
underlying assumptions given.  

Final ly,  recent  issues of  the journal  to which you wish to submit  
the art ic le  should serve as a general  guide on how mu ch d ata and 
background documentat ion to included in the paper.  When in doubt ,  I  
think that  the best  guideline is  to include that  material  that  you 
feel  is  necessary to al low your audience to understand your s tudy.  
Then the editor ial  process of  refereed journals  can assis t  you in 
refining what  wil l  ul t imately be published.  Some addit ional  
suggest ions can be found in Sneath and Sokal  [1973].  the Fourth 
Edit ion of  the Council  of  Biology Editors  Style Manual  [1978] ,  and in 
the Guidelines for  Manuscripts  published as a supplement to Volume 6 0,  
No.  3 ,  of  the Journal  of  Mammalogy [1979].  
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Most large computer  centers  wil l  have available one of  the three 
major commercially vended s tat is t ical  packages—3MD (and/or BMDP),  
SPSS, or  SAS. These al l  have many o f  the mult ivaria te routines 
other  packages,  e .g.  OMNITAB and P-STAT, which have been widely 
distr ibuted,  as  well  as  packages which have been developed at  local  
centers  which have less  wide distr ibution,  but  may s t i l l  be available 
at  your computer  center  (e .g.  MIDAS from the Universi ty of  Michigan).  
NTSYS i s  a mult ivariate package of  special  interest  to systematists .  
We g ive a part ial  l is t  of the source of  these packages and some of  
their  characteris t ics  in Table 2 at  the end of  this  Appendix.  

There are other  sources of  programs besides the packages mentioned 
above.  Published mult ivaria te programs have appeared in some of  the 
texts  on mult ivariate s ta t is t ics  and programming.  These have usually 
been wri t ten in FORTRAN and can be adapted to your local  computer  with 
l i t t le  trouble [e .g .  programs in Cooley and Lohnes,  1971;  Blackith and 
Reyment,  1971 ]<> Books with such programs are indicated by a  "P" in 
the r ight  margin of  entr ies  in the Bibliography.  Some books which do 
not  have programs themselves,  but  have appendices or  other  guides to 
available programs (note the date of  publication of the book a s  these 
l is ts  quickly become o ut  of  date)  are Gnanadesikan [19773,  Harris  
[19753,  Kim and Mueller  [1978a,b3,  Kruskal  and Wish [19783 and Press 
[19723.  There are also commercial ly vended programs for  specific  
purposes;  for  example,  the major confirmatory factor  analysis  programs 
are only available in this  way (from National  Educational  Resources,  
Inc. ,  P.  0.  Box A3650,  Chicago,  I l l inois  60690).  Check with others a t  
your inst i tut ion:  someone,  especial ly in the social  sciences,  may ha ve 
already purchased them. Some examp les are MULTIVARIANCE, COFAMM, and 
LISREL. Also check with your computer  center  about  the availabil i ty 
of  other  potential  programs of  interest .  Someone in psychology,  
sociology,  economics,  physical  education or  s tat ist ics  (among o thers)  
may hav e already wri t ten or  gotten hold of  the program o r programs 
that  may be useful  for  your applicat ion.  

Most  computers  come with some kind of  s tat ist ical  subroutine 
package.  Frequently these are in the form of  FORTRAN su broutines 
which can be assembled into useable programs with minimal addit ional  
programming.  IMSL (International  Mathematical  Subroutine Library) is  
the major,  vended,  up-to-date FORTRAN and PL/I  subroutine l ibrary 
available at  most  large ceneters.  I t  includes almost  a l l  of  the 
ingredients  for  assembling programs for  multivariate methods (e .g.  
matrix operat ions such as addit ion,  mult ipl icat ion,  inverse and 
eigenvalue-eigenvector  determinat ion) .  

Final ly,  if  you are so incl ined,  there is  probably no bet ter  way to 
f ind out  what  is  going on in a method than to program i t  yourself .  
This  is  becoming e asier  a l l  the t ime.  For example,  using PROC M ATRIX 
in SAS, one can write  short  rout ines in matrix notat ion that  wil l  
perform essential ly al l  of  the analyses described in this  manual .  APL 
(A Programming Language—mainly available on IBM compute rs)  is  an 
i teract ive matrix-  or  array-oriented language,  and i f  available at  
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your center ,  can be a  powerful  and quick way to program m ult ivariate 
data analyses.  

Once one has the manuals ,  copies of  the programs,  examples of  
output  and whatever other  documentat ion is  available,  then the fun 
begins.  Programs use different  conventions for  input  (e.g .  some al low 
alphabetic  group names,  o thers do not) ,  accept  data in different  
formats (e.g .  they may be restr ic ted to 80 columns per  l ine) ,  and have 
l imits  as  to the number of  variables etc.  These requirements should 
be thoroughly invest igated before your data is  entered on cards or  
typed into a machine.  With some t rouble,  the data can always be 
reformatted in the computer .  Output  conventions are even more varied:  
a  "classif icat ion function" in one package for  discriminant  analysis  
is  cal led a "discr iminant  function" in another.  Vectors of  
coeff icients  may be scaled differently in the various outputs  for  the 
same p rocedure.  Even the same packages may chan ge their  conventions 
from one release to another (e.g .  SPSS changed their  scaling of  
coeff icients  in canonical  variates analysis  in Release 8 ,  the most  
recent  release.  This also af  scaling of the various plots  produced.  

Check careful ly with your local  computer  center ,  read the 
documentat ion careful ly,  run a small ,  c learly understood example (e.g.  
from one of  the textbooks),  and make sure you understand each and 
every i tem of the output  that  you are going to use,  especial ly with 
respect  to nomenclature and scal ing.  Check the answers for  accuracy 
(see the sect ion on "Errors and accuracy" in the INTRODUCTION) and t ry 
several  routines if  you have the pat ience.  Report  any errors  to your 
center .  All  of  the packages and programs have errors  ("bugs") .  Most  
of  the important  ones have been removed—but they s t i l l  show up.  
Check careful ly that  you have up-to-date documentat ion appropriate for  
the release of  the program or package available at  your center .  

When you have decided which mult ivaria te procedures are most  
appropriate for  analyzing your data ,  select  packages having programs 
that  follow these procedures and provide the needed output .  I t  is  
important  not  to le t  the programs available in a part icular  package 
dictate or  l imit  the analysis  performed.  General ly,  no s ingle 
stat is t ical  package wil l  have al l  of  the programs available which are 
needed to analyze the data set .  Even when a  package contains a 
program for  a needed method,  the output  from that  program may n ot  
contain al l  of  the relevant  results  in a useful  form. The o pt ions 
avai lable for  each procedure,  as  well  as  the results  chosen from the 
output,  vary widely from package to package.  Consequently,  most  
invest igators  use a consort ium of several  packages,  choosing the most  
desirable programs in each package for  their  specif ic  problem. As a  
general  rule,  i f  one of  the three large mult ipurpose packages 
(BMD-BMDP, SPSS o r  SAS) is  available,  i t  can be used in conjunction 
with NTSYS (which is  easy and inexpensive to obtain)  to provide most  
of  the mult ivariate techniques one might  wish to use.  

The usefulness of  local  mult ivaria te expert ise seems to vary from 
location to locat ion,  as  does the amount of  help avai lable on specific  
programs.  Many ins t i tut ions have personnel  t rained to help 
researchers with their  programming and computing problems.  I t  is  a 



-Appendix I I :  Stat is t ical  Packages- 241 

good idea to identi fy these people and know where and to whom t o go 
with any problems concerning the use of  s tat is t ical  packages and 
programs.  In addit ion,  for  the major packages,  short  courses or  
tutorials  are offered to teach users  how t o become f amil iar  with the 
fundamentals  of  the package,  both s tat is t ical ly and mechanical ly 
(e.g. ,  video-casset tes  are available a t  some centers  for  
auto- tutorials  on SPSS).  

Universi ty courses and/or persons with expert ise concerning 
mult ivaria te methods and specif ical ly,  their  applicat ions in biology,  
are of ten diff icul t  to f ind.  One of  the best  ways t o  improve your 
understanding of  mult ivariate methodology is  to at tend one or  more o f  
the seminars,  short -courses ,  or  workshops which are currently offered 
at  several  places in the country.  Most  of  these study sessions are 
user  oriented.  They c oncentrate on the basic mathematical  and 
geometrical  s tructures of  the techniques and on providing a basis  for  
understanding assumptions,  l imitat ions and common m istakes.  Many o f  
these conferences focus on understanding a variety of  s ta t is t ical  
techniques and the interpretat ion of the output  from part icular  
packaged programs.  Part icipants  normally need only to understand 
c lassical  univariate s tat ist ical  analysis ,  hypothesis  test ing,  
algebraic manipulations,  and have had some contact  with matrix algebra 
in order to f ind one of  these conferences useful .  See Table 1 ,  below, 
for  a l is t  of  some of  these.  

The following are a few brief  comments on the major packages,  and 
Table 2 summarizes some of  their  features.  

BMP and BMDP—The Biomedical  Computer  Programs have been in use for  
over 15 years.  BMDP ( the la test  version is  BMDP79) supercedes 
previous BMD re leases and most  of  the BMD ser ies.  Among the most  
desirable features of  these packages are:  1)  their  streamlined 
program wri teups—no need to read many pages of  introductory material ,  
2)  the graphical  displays available in many p rograms,  and 3)  the 
complete input  and output  examples furnished in the manual  as  well  as  
references and detai ls  of  computat ional  procedures and program 
abstracts .  BMD and BMDP ar e wri t ten in FORTRAN which makes them 
useable on many computers .  

SPSS—The S tat is t ical  Package for  the Social  Sciences is  widely 
used and is  currently insta l led at  over 1500 s i tes  in more than 60 
countries .  Among i ts  most  desirable features are i ts  simple English 
language and research-oriented control  syntax as well  as  i ts  
comprehensive and lucid documentat ion.  The manual  includes 
introductory stat ist ical  presentat ions,  s tat ist ical  references,  and 
varied applicat ions with ful l  examples.  Many users  f ind the manual  
c lear ,  informative and well  documented,  and easier  to use than the BMD 
and BMDP ma nuals .  SPSS i s  writ ten in FORTRAN which makes i t  widely 
useable on many computers .  There are small  versions available for  
some mini-computers .  

SAS—Among the Stat is t ical  Analysis  System's main assets  are i ts  
simple,  free-format language and i t s  complete l ibrary of mathematical ,  
s tat ist ical ,  and t r igonometric  functions.  The manual  i s  simple and 
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Table 1 

List  of  Some S hort  Courses on Mult ivariate Stat ist ics  
or  Computer  Packages 

Course Sponsoring Organizat ion Durat ion 

Short  Course on Department of  Mathematics and Stat ist ics  3 days 
Mult ivariate Stat is t ics  Universi ty of  Pit tsburgh,  Penn„ 15260 

Mult ivariate Research and Universi ty of  Colorado 5 days 
the Stat is t ical  Package Boulder ,  Colorado 
for  the Social  Sciences 

SAS S tat is t ics  Course 
Data Analysis  

Mult ivariate Analysis  

Clustering and Numerical  
Classif ication 

SAS Inst i tute,  Inc.  
Box 8000 
Cary,  North Carolina 

Inst i tute for  Professional  Education 
Suite  303 
1515 North Court  House Road 
Arl ington,  Virginia 22201 

Control  Data Corporat ion 

2 days 

5 days 

2 days 

BMDP-79 Su mmer Tutorial  

SAS 

Tutorial  Registrat ion 
Health Sciences Computing Facil i ty 
Universi ty of  Cal ifornia 
Los Angeles,  Calf ifornia 90024 

Sas Inst i tute,  Inc.  

2 days 

2 days 

easy to understand and contains excellent  examples of  program 
input-output  ( the current  version is  SAS79).  The manual  c ontains 
l i t t le  explanation of  s ta t is t ical  methodology but  numerous references 
to this  type of  information are given fol lowing the explanation of  
each procedure.  SAS i s  not  as  widely used as  are the SPSS and 
BMD-BMDP p ackages,  but  the number o f  invest igators  using SAS i s  
increasing each year .  One o f  the available options in the 1979 
version of  SAS is  the BMDP p rocedure,  which calls  any one of  the BMDP 
programs to analyze data in an SAS d ata set  and prints  the resul ts.  A 
convert  procedure is  also available which will  conver t  BMDP and SPSS 
system f i les  to SAS da ta sets .  SAS is  writ ten in PLI and only runs on 
IBM 360/370 computers .  

NTSYS—The main focus of  the Numerical  Taxonomy System of 
Mult ivariate Stat is t ical  Programs is  on applicat ions in the area of  
multivariate s tat is t ical  analysis  with emphasis  in the f ield of 
numerical  taxonomy. This  is  among the most  popular  and widely used 
packages in systematics.  Compared to BMD-BMDP, SPSS and SAS, i t  has 
the advantage of  having a number o f  related programs associated with 
numerical  taxonomy. The cluster  analysis  rout ines have been widely 
used because of  the variety of  s imilari ty coeff icients  and clustering 
algori thms available.  
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Table 2 

Sta t is t ical  Procedures 
Available BMDP SPSS SAS NT-SYS 

Cluster  Analysis  X X X 

Dicriminant  Analysis  and 
Canonical  Variates X X X 

Canonical  Correlat ion X X X 

Mult iple Regression X X X 

Principal  Components X X X X 

Factor  Analysis  X X X X 

Nonmetrical  Mult idimensional  
Scaling 

X X 

Loglinear  Model  and Logist ic  
Regression X X 

Addresses 
Package Avai labil i ty Manual  

BMD-BMDP 
Health Science Computing Facil i ty Universi ty of  Cal ifornia Press 
Universi ty of  California 2223 F ulton Street  
Los Angeles,  California 90024 Berkeley,  California 94720 

SPSS 
SPSS, Inc.  McGraw-Hil l  
Suite  3300 Publishers 
444 North Michigan Avenue 
Chicago,  I l l inois  60613 

SAS 
SAS I nst i tute,  Inc.  
P.  0.  Box 10066 
Raleigh,  North Carolina 27605 

SAS I nst i tute,  Inc.  
P.  0 .  Box 10066 
Raleigh,  North Carolina 27605 

NTSYS 
Dr.  F.  James Rohlf  Copy provided with program 
Department of  Ecology and Evolution tapes 
The State Universi ty of  New Yor k 
Stony Brook,  New York 11794 
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